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Abstract

We analyze the evolution of contract participation and evaluate the selection of risk-sharing
contracts in the presence of moral hazard. Organizations specify rules for sharing output among
producers, and so affect the extent of private investment in production. Organizations are rigid, as
some details of the contract are fixed, but people are free to move around. In the presence of rigidity,
equilibrium displays coordination failure because potentially efficient contracts can fail to attract
participants. Methods of evolutionary stability are used to select equilibria when organizations
compete for members. We identify stable contracts which survive competition against any other.
Stable contracts need not be efficient, but for large groups the loss becomes small.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Organizations are sometimes resistant to change but people are free to move around.
This paper explores the extent to which the mobility of individuals mitigates the effects
of organizational rigidity. Our specific context is that of risk-sharing arrangements. We
begin with a fairly standard moral hazard model. Production is risky and depends on pri-
vately known investment levels as well as exogenous uncertainty. Individual producers are
risk-averse and can agree to share risks with others. Sharing arrangements, or organizations,
operate by different rules. They offer different contracts and may have different member-
ship sizes. Individuals choose to participate in one of the competing arrangements and their
utility depends on both the contract as well as the membership of the groups. The first idea
we bring to this model is of organizational rigidity—the terms of the contract cannot be
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adjusted to attract new members. Given afixed set of organizations, we ask if people will end
up choosing to participate in efficient arrangements. It turns out that equilibrium displays
coordination failure as potentially efficient contracts fail to attract participants; competition
does not eliminate inefficient contracts. A difficulty with this approach is that every contract
can survive competition. This paper provides a novel approach to the selection of contracts
using the notion of stochastic stability develope&aster and Young (1990), Kandori et al.
(1993), Young (1993We specify the dynamics of the process by which individuals choose
their organization and examine its long-run steady state to select stable organizations. Stable
risk-sharing corresponds to a contract that will eventually attract members away from any
competitor. We show that stable contracts exist, and that they may fail to achieve efficient
risk-sharing. As a useful mnemonic, stable risk-sharing is only half efficient—the stable
contract for a group is efficient for a group half its size.

With risk-sharing in the presence of moral hazard, full insurance will generally not be
optimal. Investments, being private information, are not contractible and if incomes are
sharedex-post, we get underinvestmem-ante. This is the familiar trade off between
risk-sharing and incentives. Virtually everything is known about this model at a theoretical
level, following Mirrlees (1974), Holmstrom (1982), Rasmussen (198pgcifically, that
first-best risk-sharing can be achieved (or approximated) for any group of fixed size by
the design of appropriate sharing rules. These contracts can be complex, and may involve
arbitrarily large punishments for individuals with low output, or randomizing shares of
individual partners, or throwing part of output away in some contingencies. Further, as
Holmstrom and Milgrom (1987have observed, such contracts “perform ideally if the
model’s assumptions are precisely met, but can be made to perform quite poorly if small
deviations in the assumptions. are introduced.” That the contracts are so different from
those actually observed in the real world leads them to suggest that simple linear contracts,
of the type widely used, are likely to be robust in complex environments, and to develop a
model in which a linear compensation scheme turns out be optimal.

We are concerned with a different type of complexity. Within natural classes of contracts,
the efficient contract depends crucially on the number of participants, and needs to be rewrit-
ten whenever participants enter or leave the organization. In reality, we suspect that organi-
zations, or institutions, are relatively rigldzor our analysis, we associate rigidity with fixed
and unchanging rules. Rules are rigid, but individuals are mobile. They can choose which or-
ganization to participate in. Are bad rules eliminated by competition between organizations?

It is necessary to start from simple and realistic contracts for risk-sharing. Our choice is
motivated by empirical studies, Wyaynor and Gertler (1995), Lang and Gordon (1995)
They examine medical and law partnerships respectively. The typical arrangement among
partners allows each one to keep a fraction of their revenues, and contribute the rest to a pool
to be shared across the partnership. This corresponds to linear, and budget-balancing sharing
rules. An efficient rule, within this family, is one where the fraction is chosen to maximize
the utility of group members. Different practices may offer different sharing formulae, and
partners can quit to join a practice offering, say, a higher share to keep back. These studies
follow up on earlier analysis bgilson and Mnookin (1985who observed that lawyers’

1 Most obviously, it is costly to make frequent changes to contracts. There could be lack of unanimous support
in cases where change creates winners and losers.
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compensation is more equal than their contribution. A very different group of studies, such
asRosenzweig (1988), Townsend (19%®pluate risk and insurance in village economies.
Their findings, which evaluate the extent of consumption-smoothing, find that risks are
indeed shared, but only partially. American lawyers and Indian farmers face very different
economic environments. The very disparate pieces of evidence suggest that incomplete
risk-sharing is a robust phenomenon. Our analysis examines whether evolutionary stability
provides an explanation. Equal sharing and zero-sharing are two of the many candidate
rules for these risk-sharing arrangements. As it happens, neither is stable.

We need a further element to motivate this approach. As we mention earlier, risk-sharing is
more desirable if risks can be spread among many. Specifically, this translates to the fact that
risk-sharing organizations have scale economies built@spective of efficiency. It is easy
to see why it is more valuable to join a larger group if risks are shared efficiently. As it hap-
pens, scale effects operate even if contracts are not efficient (we demonstrate this formally).
In consequence, there are multiple participation equilibria when organizations compete: ef-
ficient contracts can emerge as an equilibrium outcome, but so can inefficient ones. Indeed, a
fully autarkic outcome, where there are no takers for an efficient contract, is a possible equi-
librium precisely because efficiency depends on the participation decisions of others. This is
the content oProposition 1it may make sense for an individual to join the larger group even
if the competing one offers a potentially better contract. Participation choices can lead to co-
ordination failure, for essentially the same reasons &amond (1982)or David (1985)

Itis natural to ask if some of these equilibria are fragile because an exogenous shock, which
affects the size of one organization, can set off a domino effect. An increase in membership
of the organization, however achieved, may make it more attractive to potential participants.
As more people join, the increase in size further enhances the benefit of participation. With
small stochastic shocks, some equilibria are much more likely to emerge in the long run. We
apply the criterion of evolutionary stability to formalize this effect. This analysis draws on
evolutionary selection, as set outfandori et al. (1993), Foster and Young (1990), Young
(1993), Blume (1995and, for contracting in particula¥oung and Burke (2001)

An especially appealing feature of evolutionary models, for our application, is their
interpretation as models of learning and bounded rationality. It has long been speculated
that an understanding of bounded rationality is important for the study of organizations.
Here, taking the distribution of choices in the population as given, agents attemptto optimize.
They manage to do so with high probability, and revise their decisions only occasionally.
This leads to a dynamic process by which beliefs and behavior evolve and settle down at a
Nash equilibrium. We consider the competition between contracts (for group members). A
contract is stable if it survives in competition with any other (linear and budget-balancing)
contract. InProposition 2we characterize the stable contract, and show that it need not
achieve efficiency. Specifically, the contract is only half-efficient: it is the efficient contract
for an organization of half the size.

2. Risk, contracts, and incentives

There areN individual producers; = 1,..., N, who produce output;. Output is
uncertain, and depends on private investments. Specifically, {0, 1] be the amount
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invested by individual. Her output is
vi=eél+e; O<a<l1

where; is arandom shockWe assume that this has expectajicand variance, both finite
and positive, and is independent across individuals. Produoeurs total cosC; = cg
wherec is assumed greater than

Individual producers are risk aversex]fis the random income of individualher utility
is

V(xi, e) =Ex; —ceg — gvar(xi).

Expectations are taken with respect to the distributiaty cbnditional ore;. This is the ap-

proximate certainty equivalentincomeipthe approximation is exact for exponential utility

if x; has a normal distribution. We find it convenient to work with a direct mean—variance

representation for utilities, witp the common parameter of absolute risk aversion.
Individuals form groups to share production risks. Any such group offers a contract of

the form

xi=oyi+(1-0)y; 0<o=<l1

wherey is the average output of the group. Individuals keep a fractiaf their own
output, and contribute the rest to a common pool, which is shared equally. Note-that
corresponds to no sharing, or autarkic contracts,card0 to equal sharing.

A risk-sharing contract is fully specified by the sharing rule and by the number of
participants who agree to share according to the rule: this isquaf), with o € [0, 1] and
integerM. As potential participants are identiext-ante, further details of membership are
irrelevant. Thefirst best contract for risk-sharing is easy to characterize. This corresponds
to equal sharing, i.e.oc = 0, andfull participation, i.e. M = N. The efficient level of
investment is symmetric, and equaldo = («/c)Y/1~%, Risks are efficiently shared by
equal division if investment levels are contractible. If so, investment is invariant across
group size, and any increase in size is desirable for insurance reasons. We are obviously
concerned with situations where this fails.

For any contracto, M), define&y; = (1 4+ (M — 1)o)/M. Incomes are

1+ (M - 1o l1-0
Xp = i yi + I Zyj: (1)
J#i
= Enyi+ L= EmViy_4 2

Whereyj'u_l is the average output of the group excludingnh consequence,

_ Z e
Ex; = y(e1,....en) =u+sMe?+(1—sM)%-

2 3)

2 Our results are valid for quite general parametric specifications of this production function. This model is
convenient for exposition and for the computationSection 5
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and
N
var(x;) = v (éM + -1 )
Payoffs, or expected utilities are

224

Viler, ....,ems 0, M) =+ Eyef —ce + (1 — &) 1

v (1—5M)2>
2<§M+ M—-1

415

(4)

(®)

We can deduce the properties of contraets\) from this specification. In the following,
we write ¢; (o, M), y;(o, M), andV;(o, M) for investment, expected output, and expected

utilities in the contracto, M). All proofs are reported it\ppendix A

Lemma 1 (Underinvestment)For each o € [0, 1), investment and output levels decrease

with member ship in the (symmetric) equilibrium:
eilo,M+1) =e(o, M +1) < e(o, M); yo, M +1) < y(o, M).

Further, e(o, M) < ¢* whenever M > 1.

Investment, as well as expected output and income, decline with membership whenever
o < 1. Output sharing reduces the incentive to invest, and individuals free-ride. Larger
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Fig. 1. Utility for different values oM (« = 0.75).
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Fig. 2. Utility for different values of\f (« = 0.5).

groups have more free-riding at equilibrium. This may be more than compensated by the
benefit of increased risk-sharing. If the underlying risks are large enough, utility in equilib-
rium increases with group size.

Lemma 2 (Monotonicity). For each N, there exists y» such that, in equilibrium, for all
o < 1, V(o, M) increaseswith M for M < N whenever pv > yy.

Lemma 2establishes a “sufficient risk” condition. If production is sufficiently risky, all
sharing contracts have increasing returns to scale. Some of these may be far from efficient,
even within the restricted class of sharing rules. We can alternately think of this as a small
N condition® Next we study the properties of differetd, M). These are illustrated in
Figs. 1-6and, more formally, i,emmas 3 and 4

Sharing rules are restricted to be linear, symmetric, and budget-balancing. Our next result
shows that groups can tailor their choice of rule, and the efficient sharing rules vary with
group size. For each group of sia¢, the efficient sharing rule oy, maximizes payoff
V(o, M) with respect tar. The choice trades off the incentive effetemma J with the
benefit of risk-sharing.

3 We note that the monotonicity condition holds globallyiis sufficiently largey is invariant toN whenever
a > 1/2, as shown in the proof.
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Lemma 3 (Efficient sharing rule).For each M, an efficient sharing rule oy, exists. Further,
0 < o}; < 1whenever M > 1and pv > 0.0}, increaseswith M whenever o < (1/2).

Lemma 3evaluates the effect of group size on contracts. Any expansion or contraction in
the size of a grouphould be matched by a change of contract, to the benefit of participants.
There are two cases to considety I§ small Figs. 2 and 3 an increase in group size lowers
output and the best contract must always raise shares to counter this effect. Fowlarger
(Figs. 1 and 3 the effect can be perverse: larger groups may choose to take advantage of
greater insurance at the cost of lower incentives, by decreasing

Efficient contracts achieve the besttrade off between incentives and risk-sharnmma 4
shows that, when contracts are updated to reflect membership changes, larger groups are
always better. In consequence, the best sharing arrangement attainable by a socigty with
potential participants iéoy,, N).

Lemma 4 (Size and efficiency)Payoffs increase with size if sharing rules are efficient:
V(ohs1, M+ 1) > V(ohy, M)

whenever pv > 0. The contract (¢}, N) dominates all others:
V(ioy, N) > V(ay, M) > V(o, M)

forany M < Nandall o € [0, 1].
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3. Competition and member ship

Efficientrisk-sharing involves choosing the correct sharing rule for the group. The optimal
value of the share parameter,depends upon the size of the group and would need to be
changed whenever the membership changed. Here, we take the view that institutions are
typically more rigid. Specifically, a group offers a fixed sharing ral@nd competes against
other groups for membership. Individuals choose whether to join one of the available groups.
They may decide not to join any group, in which case they obtain the autarky paybff
Participation decisions determine group membership levels which, in turn, affect the relative
attractiveness of the group for others. In this section, we determine the nature of contracts
and membership in equilibrium.

Suppose there ar€ > 1 groups competing, with sharing ruleg € [0, 1) for k =
1, ..., K. A participation profile is an assignment of people to groups and is denoted by
a list of non-negative integefdfy, My, ..., Mg} with Zf:o M; = N. My is the number
of individuals who choose not to join any of the groups arid is the number in group
k. We will let op = 1 denote the sharing rule of “groupZo (everyone keeps all of their
own output). Payoffs within a group depend only on its size and not, for instance, on the
composition of other groups. When the sufficient risk conditiobeshma 2s satisfied (i.e.
if pv > yn) payoffs will increase with membership. This impli®€éoy, M) < V(ok, N)

4 The autarky payoff is the utility/(c, -) from any contract witlr = 1.
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for eachk = 1, ..., K. The maximal payoffd/(or, N) will typically be distinct and can
be used to rank the contracts. Without loss of generality, we can choose the indices of the
groups such that

In addition, fromLemma 2 V, < V(ox, N) for all k. The efficient participation profile
is [0,0,...,0, N]. Everyone ought to be assigned to the group which yields the highest
payoff atN. Any rearrangement will reduce all payoffs. Sifd@, N) < V(o},, N) (from
Lemma 4 the best possible outcome arisesjf is among the available contracts. In this
casepk = oy and everyone should be assigned to the group which affgrs

Equilibrium participation levels need not be efficient. We demonstrate this formally by
evaluating the equilibrium of a two-stage game where individuals first choose their group
and then decide on their investment levels. In the initial stage, the® greups that offer
o (k € {1, ... K}). The participation decision of individualis indicated byaix € {0, 1}
whereajx = 1 means that individual joins groupk, anda;g that she joins none of the
groups. Individuals cannot join more than one group, E{.:O aik = 1). The resulting
participation profile if. .., M; = Zfil aik, . . . }. In the second stage, individuals choose
private investments; in response to their contract and the participation profile. Output is
produced and shared as specified by the contractV;). A participation equilibriumis
a participation profile arising at a subgame perfect Nash equilibrium of this game.

Proposition 1 (Competition and contractsl.etoy, ..., ox besharingruleswithO < o} <
l,and V(oj, N) < V(oj41, N)for j=1,..., K—1.Foreachk =0,1,..., K, thereexists
aparticipation equilibriumsuchthat M; = N whenever V(oi, N) > V,. Thereareno other
participation equilibria if pv > yy.

Proposition Wdisplays the nature of co-ordination failure arising from increasing returns
to risk-sharing. Every individual joining the same group is a participation equilibrium—
irrespective of what the group offers. With competition betw&egroups there ar& + 1
equilibria. These are Pareto rankedyas< V(o1, N) < --- V(oy, N). The set of equilibria
is insensitive to the efficiency properties of contracts and even the fully efficient contract
oy may fail to attract individuals away from autarky. Increased competition, with a greater
set of offerings, merely increases the possible extent of coordination failure.

The failure arises from the fact that a contract must attract many participants in order to
succeed, and that relative success feeds back on itself by attracting yet more participants.
Similar factors may drive inefficient technology choic&ayid (1985), or the volume of
trade in markets where individuals search for trading partri@isnfond (1982) In our
framework, equilibria differ in the choice of organizations or contracts. The following quote
from Williamson (1995)is pertinent:

Most of the path dependency literature emphasizes technology (e.g. the QWERTY type-
writer keyboard).. .. | am not persuaded that technological, as against organizational,
path dependency is as important as the literature suggests.

Williamson suggests thatinefficient forms of organizations could be established by historical
accident, and then may persist. We make the idea operational in the context of a model of
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risk-sharing, and show how inefficient equilibria could arise. To see how this results in path
dependence, we may imagine thdt is established for a population of si2eso that the
organization is initially optimal. If the population growsAd, the organization is no longer
optimal in the presence of competition from a new organization which offersBut the
organization offering%; is likely to attract all the new participants.

While historical accidents may sometimes be significant, it is often possible to make
more precise predictions about the equilibrium likely to be played. The type of co-ordination
failure outlined here can be quite sensitive to perturbations of the kind induced by “mistakes”
made by individuals. These mistakes could be genuine errors, or the result of conscious
experimentation. A small number of such mistakes can change the relative attractiveness
of options to other participants, and set off a domino effect as people find that it is in their
interest to move. We turn to this next, and look for stability, or robustness of equilibria
to perturbations. Anticipating the results, we find that an autarkic equilibrium is typically
not stable. Neither is full insurance (= 0). There always exist stable contracts and we
examine their efficiency and other properties.

4. Thestability of contracts

Competition does not eliminate inefficient contra@®soposition Ishows that full par-
ticipation in any contract can arise in equilibrium, irrespective of its efficiency. Indeed,
autarky—the worst “contract” on offer—can be an equilibrium outcome even though a
fully efficient contract is available. Here, we ask if such equilibria are “stable”—in the
sense of being robust to perturbations induced by errors in individual choices. In doing this,
we begin with situations of pairwise competition, where individuals face a choice between
two available contracts at a time—call thegeando j.5 Every now and then, some individ-
ual gets an opportunity to revise her participation decision. They evaluate their best decision,
given others’ choices, but make random errors and choose the wrong decision with a small
probability. From this, we deduce the stochastic process guiding participation profiles, and
its stationary distribution. The contragty, N) is stable if the stationary distribution puts
positive probability on the eve;, = N, as the probability of errors in individual decisions
vanishes. The stability of a contract is relative—it may be stable in competing against some
o, but not others. A contract @gobally stableiif it is stable relative to every; < [0, 1].

We are applying the selection criterion suggestelaydori et al. (1993), Young (1993)

In our case, the transition rule, and stochastic process governing participation follows the
birth—death process &fume (1995)° Formally, let{oy, o} be the two rules available, and

let {M«, Mjt} be the participation profile at time By constructionMj; = N — My, SO

that the state of the system is described entirely by the varighleAt any time, some
individual gets an opportunity to change her participation decision. They all have the same
probability, I/ N, of a decision revision opportunity. The individual chooses one of the two
groups to participate in. She chooses her payoff-maximizing action, or best response, with

5 One of these could be the contract 1 equivalent to autarky.
6 Some of our assumptions differ: the stochastic process on the state variable is within the class studied in Blume

(op.cit.).
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probability 1— ¢, and makes the wrong choice with probabilityThe state of the system
then moves td; ;1. It is useful to derive the transition probabilities explicitly.

Atany time, the two contracts a(ey, M) and(c;, N — My). Attimez, a single individ-
ual gets the opportunity to revise her decision. This individual is either ib-ttemtract, with
probability My /N, or in thej-contract, with probability1— My:/N). A k-contract holder is
better off staying in her group W(ox, M) > V(oj, N — My ; + 1), and moving otherwise.
Similarly, a j-contract holder is better off moving W(ox, Mk + 1) > V(o;, N — Mis).

We note, first, that

My 111 € (M — 1, My, My + 1}.

The stateM; changes by at most 1 in either direction, because only one individual gets a
revision opportunity at any time. We writg for the probability of a “death"—the event
that My ;11 = My — 1. And b, is the probability of a “birth"—f; ;11 = My, + 1. These

can be deduced as functions of the current sthie Let

A(M) = V(oy, M) — V(oj, N — M + 1).

A“death” occurs only if an individual in the-contract gets a revision opportunity. It is their
best response whenevai;(M;) < 0, otherwise, they may move by mistake. It follows
that

M, .
Wkt(l— ) if A(Mig) <O
dt =
M if Aj(Mig) > 0
—€ i .
N ki kt) =
Similarly, a “birth” occurs only if an individual in thg-contract gets a revision opportunity;

moving is her best responseAf (M;) > 0. As a result,

M
(l——kt>6 if Ay(M+1) <0
b — N

;=

Myt .
(1— T) 1l—¢ If Ag(Me+1) = 0.

The current statéf; determineg;, b, completely. We write/(My), b(My) as the functions
defined here. The stochastic process defined by these transition probabilities has a unique
stationary distribution,

m=0

N
P. = {Pe(m);m=0,1,2,...,N; ZPE(m)zl

The contractoy, N) is stable relative to; if

P(N) =limcoPe(N) > 0.

In other words(oy, N) is stable if the statdf;, = N is stochastically stable. It iglobally
stableif it is stable relative to each; < [0, 1].
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Proposition 2 (Relative stability).Let pov > yy, and define

ol 1 ifNi
N_+_ E+ if Niseven

2 NTH if Nisodd

The contract (ox, N) isstablerelative to o if, and only if A (NT/2) > 0 <
NT NT
(Sr) V(O’k,7>2V(0'],N+1—7>

We provide a direct proof because the stationary distribution of the birth-death process
can be explicitly evaluated and this is desirable. The proposition can also be deduced using
Theorem 1 ofEllison (2000) Condition ;) guarantees, for the sharing rulg, that its
radius cannot be smaller than its co-radius. Intuitively, it takes at least as many mistakes to
exit the basin of attraction aof; as it does to enter it. As a consequence, in the long-run,
the organization offering; would be observed for a strictly positive fraction of the time.

In our paper, as in Kandori, Mailath & Rob and elsewhere, stable equilibria display the
1/2-dominance property. A symmetric equilibrium is stable if the strategy is an optimal
response whenever at least half the population plays it.

The conditionpv > yy is used to guarantee that payoffs are strictly monotone in par-
ticipation Lemma 2. This results in a “Total Bandwagon Property” of the kind set out in
Kandori and Rob (1998]t is possible to get interesting dynamics even when this assump-
tion is violated. We study an example later in this secfion.

Finally, condition(Sy) is necessary and sufficient for the stability(ef, N). The corre-
sponding condition for the stability @& ;, N) can be written as

Nt Nt

It is possible for both conditions to hold. If so, both contracts can prevail, with positive
probability in the long-run equilibrium. Stable or long-run equilibria display co-ordination
failure of the kind demonstrated Rroposition 1 This failure is smaller, because very
inefficient contracts cannot be stable.

Corollary 1. Letpv > yn.Thecontract (o, N) isstablerelativetoo ; whenever Vo, M) >
Viej, Myfor M =1,2,..., N.

We note thatNt/2) > N +1— (N*/2), andV(ox, NT/2) > V(oj, N*/2) implies
(Sx). Corollary lallows us to examine the case of risk-shanwithout moral hazard. In
this case, the = 0 organization is optimal for al¥ and will always be stable. The same
is true for the perfectly flexible organization which choosgsfor all M.

7 This property is useful in making the transition from stable rule&y < 1) to stable contractsP(N) > 0).
With the bandwagon property, one implies the other.
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Corollary 2. Let pv > yn. Autarky is not stable relativeto o; < 1 whenever N > 3.

The payoff to autarky (os; = 1) is 'V, irrespective of\/;. For any non-trivial sharing
rule, V(o, M) > V, for M > 2.

Corollary 3. Sable contracts need not be efficient.

Stability requires thad;, dominate aiv* /2. Efficiency requires dominancet We can
always find a pair of sharing rules satisfying

N7 NTt
\%4 (O’k, T) > V(Uj, T), V(O'k,N) < V((fj, N)

It suffices to choose; = oy andoy = oy 5.
It is possible to provide some simple intuiti8in pure coordination games, the Pareto
dominant equilibrium is stochastically stalilandori and Rob, 1998T his makes our find-
inginCorollary 3somewhat surprising. The fundamental difference between this framework
and previous application to population games with random matching lies in the nonlinearity
of payoffs with respect ta1;, the number of players adopting stratdgysuppose payoffs
V(ok, My) were linear and increasing, witti(oy, 1) = V(o;, 1) = V,. Then efficiency,
i.e. V(ox, N) > V(a;, N), would imply stability, V(oyx, N/2) > V(o;, N/2). Payoffs in our
model, derived from economic fundamentals, are monotonadiuinear. Figs. 5 and 6
describe how payoffs in equilibrium change withand it is easy to see how one contract
may dominate another at some valuedffwhereas the opposite is true at other values.

Proposition 3. Let pv > yy. The contract (o;‘ﬁ/z, N) isglobally stable. Thisisthe unique
globally stable contract if N isodd.

Finally, Proposition 3shows that the globally stable contract is uniqgue whenaves
odd. In this case, the efficient contrdef;,, N) could not possibly be globally stable. With
evenN, other contracts could be stab(ef;,/z, N) is always stable. Suppogé = 2m. We
note that

V(oh 1.m+1) = Vioh, m+1) > V(o

m» m) = V(J:?kl—i-l’ m)

The stability conditions write as
(Sm+1) V(o 11, m +1) = V(o m)
(Sm) Vo, m +1) > V(oj 1, m).

Both are satisfied by constructiSriThe losses (from the use of stable rather than efficient
contracts) become negligible Asbecomes large.

8 See alsdim (1996)who studies equilibrium selection and efficiency in a number-person coordination
games.

9 For evenv, the efficient contractoy,, N), may also be stable. Sgyy,, N) is stable in addition to“7v+/2’ N).
Inthe case where these two contracts compete, both would be seen for a positive fraction of the time in the long-run
(the system switching randomly between the two organizations).



J. Dutta, K. Prasad/ Journal of Mathematical Economics 38 (2002) 411439 425

Output loss

o
o
=

0 20 40 60 80 100 120

Fig. 7. Output loss (stable vs. efficient contract= 0.5).

Coroallary 4 (Asymptaotic efficiency). The utility lossis small for large groups:
V(@ys o N) = Vioh, N)| — OasN — oo.

The proof follows from the fact that the}, converge(3o*) [oy, — o7], wherebya;th —
o*. Henc:epj(,+/2 — oy. This result can also be seen in the numerical simulations reported
in Figs. 7-10

The restriction to pairwise contests turns out to be inessential. The final proposition of
this section extends our results to the case of competition betiWegoups. The state of
the dynamic system is now a participation profilé,, . .., M). The birth and death prob-
abilities are defined in the proof; once again the process has a unique stationary distribution
denoted byP.. Let s, denote the profile withMf;, = N. A contract(oy, N) is said to be
stable (relative to contracts with indiceskh— {k}) if

P(Sk) =limc_oPe(s) > 0.

In other words(oy, N) is stable if the state, is stochastically stable. A contract is globally
stable if it is stable in everK-contest.
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Fig. 9. Output loss (stable vs. efficient contract= 0.75).
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Fig. 10. Utility loss (stable vs. efficient contraat= 0.75).

Proposition 4. Let pv > yy and supposethereare K > 1 groups competing, with sharing
ruleso; € [0,1) fori =1,..., K. Then,

Nt Nt
(Vi) [V <(Tk7 7) >V (05, N+1- 7)] = (ox, N) is stable

o}fﬁ/z isglobally stable.

Harrington (19993uggests that rigidity may itself confer an advantage to people, and then
spread by imitation. Our last corollary explores this idea for organizations. What happens
if at a very small cost a firm can maintain flexibility? Specifically, a flexible group incurs a
per period cost of (shared by all members equally) for the ability to rewrite contracts. For
simplicity, let N be odd. The payoff from belonging to the flexible group is then

8
Ve(M) = Voy, M) — w

Note thatVe(Nt/2) < V(oy+ 2 N7T/2). As a result we geCorollary 5

Corollary 5 (Costly Contracting).For every § > 0 the flexible organization, with payoffs
given byVr, isnot globally stableif N is odd.

In Propositions 1-4we use the monotonicity conditigny > yn. When this condition
fails, an arrangement may have an efficient si#& < N. The next example explores a
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situation of this type. We note here that the stable outcome assigns positive probability to
M; < N: different individuals may belong to different groups.

4.1. Failure of monotonicity

In the previous analysis, we assume a sufficient risk condition that ensures that payoffs
are monotone id/. Absent this condition efficient and stable distributions are likely to be
non-degenerate and distinct. The next example demonstrates this.

Suppose thaV = 4 and thatM* (o) = 2. We want to evaluate stable outcomes when
two groups compete, and both ofter. The efficient outcome 87, = 2 where each group
has half the population. It is easy to construct examples with

Vi(2) > Vi(3) > Vi(4) > Vi (D) = V,.

We can calculate birth and death rates explicitly:= ¢; d1 = (1 —€)/4; by = 3(1 —
€)/4; do = €/2; bp = €/2; d3 = 3(1 — €)/4; bz = (1 — ¢€)/4; dy = €. From the balance
conditionsP(n) = P(0) ]_[;'.:1 bu_1/dy,

Pe(1)=PE(0)4ﬁ, Pc(2) = P.(0)6, PE<3>=P€<0>4ﬁ, P.(4)=P.(0)

We obtainP = lim._oP- as

- 1 3 1
P=(-,0,-,0=|.
fodod]
Note that the efficient participation profile has weight 3/4 but the stable equilibrium may
have overcrowding as all people join one or the other group.

5. Simulations

In this section, we report some numerical simulations on the nature of risk-sharing con-
tracts, including efficiency and stability. We begin by showing how changesinthe parameters
of the contracting problem affect efficient contracts and report on the loss in output and
utility from the of stable rather than efficient contracts. Finally, we examine the dynamics
of organizational competition in simulations.

5.1. Evaluating the inefficiency of contracts

In Table 1 we report results for simulations wiglh = 1,v = 0.1, p = 5 andc = 1.
The differences between stable and efficient contracts are reported in columns 1 and 2 for
a = 0.25, 0.5 and 0.75. For smaWN (less than 10), the difference between stable and
efficient sharing rules can be quite large. For exampley fer0.75 andN = 7 the optimal
contract dictates that participants should keep less than 6% of their own output and share
the remainder with others. At the stable equilibrium sharing rule, they keep a much higher
proportion, over 23%, of their output. Interestingly, the direction of inefficiency switches
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Table 1

Stable vs. efficient contracts

Size (V) Stable rule Optimal rule ¢%,) Utility loss Output loss
O3+ /2) (V(oy) — Vioy+ ) (y(oy) — Yoy )

a=0.25

3 0.226 0.300 0.002 0.016

5 0.300 0.354 0.001 0.015

7 0.334 0.376 0.0008 0.013

9 0.354 0.388 0.0005 0.011

o = 0.50

3 0.3346 0.401 0.001 0.022

5 0.401 0.445 0.0007 0.017

7 0.430 0.463 0.0003 0.014

9 0.445 0.472 0.0003 0.012

a=0.75

3 0.375 0.354 0.00006 —0.006

5 0.354 0.231 0.0011 —0.024

7 0.231 0.055 0.0024 —0.022

9 0.159 0.033 0.00164 —0.005

p =5,v=0.10 for all simulations.

for @ < 0.5. For example, at = 0.25, the stable contract achieves excessive risk-sharing
relative to the efficient one. And so, output may be “too high” at equilibrium contracts if

a > 0.5, as reported in the last column. We also notice that utility losses, measured in
output equivalent terms, are very small and also that they are non-monotone with respect
to N. Our further simulations explore these findings.

5.1.1. Sharing rules and size effects

The base case simulations assume= 1, v = 0.1, p = 3 andc = 1. We report
simulations forx = 0.75 and 0.5, respectively. Simulation results are reportéea 1-12
Fig. 1 contains plots of equilibrium payoffs for different contra¢isM). Specifically, we
plot V(-, M) for various values oM. For low values of (e.g.M = 10), there is a unique
maximum point §;, ~ 0.62); asM increases, a lower mode emerges, with values;pf
near zero—clearly perceptible & = 100. The payoff functior¥/(., M) is hon-convex
whena > 1/2, and the interior optimum jumps dowPAs Fig. 3illustrates, this change
occurs around/ = 30.

In Fig. 2we sete = 0.5, which ensures that(-, M) is strictly concave. For low values
of o, the graph forM = 10 starts off above the other graphs, and then falls below. This
shows, for instance, that with equal shariag=£ 0) utility actually decreases wheM is
increased. In this case, we also seeHign 4) that the maximum point increases with.

In Figs. 5 and 6we see how utility changes withf wheno is held constant. In the case
of o = 0.75, we find thatV/(c, -) increases withi1. The interesting property is that for low
values ofM, an inefficient contract (e.g. = 0.25) actually does better than a contract (such

10 We note here that randomization in contracts may be desirable: the restriction to deterministic sharing rules
binds.
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aso = 0.05) which is more efficient for the population size df = 30. This property is
preserved in the case af= 0.5, only now utility is higher atM = N for higher values of
o. We also see here how, for low valuesogfthe optimal size could be smaller thah

5.2. Sable versus efficient contracts

In Figs. 7-1Qwe plot the output and utility loss for the stable contract compared to the
efficient contract. For each, we compute the investment when the conttagf, /2 M) is
offered. This allows us to compute the output which can be compared with the output from
(o}, M). Utility loss is found by comparing/(o;fﬁ/z, M) with V(oy,, M). Fora = 0.5,
these losses become smaller with This is also the case when= 0.75, except near the
singularity. Table lalso gives a detailed comparison of the stable and efficient contracts.

We notice tha¥/(o, M) is not a concave function ef whena = 0.75 (Fig. 1). This leads
to a discontinuity inoy, (Fig. 3) as well as in the output and utility losses relative to the
stable contractRigs. 9 and 11

5.3. Competition and evolution

Finally, Figs. 11 and 1@epict the dynamics of organizational competition. We begin with
a random assignment of individuals to the two groups (one offers the efficient contract, the

(1 TR

w E &l
T T T
1

Number choosing stable contract

N
T
1

0 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig. 11. Competition between stable and optimal contract.
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Fig. 12. Competition between the stable and optimal contract.

other offers the stable contract). Each individual gets to revise his participation decision at
randomly generated decision opportunities and is then locked into the decision until the next
opportunity arises (the intervals are exponentially distributed). When making a decision,
players assume that the profile of choices in the population will remain fixed. We show in
Fig. 11 how the participation in the stable group evolves with time. The system is in the
efficient steady state at the beginning, but soon makes a transition to the stable steady state
and stays there for the duration of the simulation. This is typical. We repeat this kind of
simulation several times (100 repetitions) and compute the average size of the stable group
in a simulation. The frequency of this average is presente@jirl2 and this points towards

the selection of the stable organization.

6. Conclusions

The possibilities for sharing risk may be limited by moral hazard. Efficiency in such
circumstances requires that individuals enter into complex contracts, which depend on
subtle informational properties of the distribution of output. In this paper, we consider
a situation where the potential set of contracts is simple, and evaluate whether efficient
contracts coincide with stable ones. Our main result is that they need not. Contractual
efficiency depends on the number of participants. As we show, the nature of inefficiency
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arises from “overcrowding—a contract appropriate for (say) 10 players tends to attract
twice as many. Put another way, the contract which is right for 20 cannot eliminate it in
competition.

We started from the viewpoint that organizations are “rigid” in the precise sense that
they do not change their rules of operation. Individuals can move between organizations.
Unfortunately, this is not enough to deduce the survival of the efficient organization: indeed
as ourProposition Ishowsany contract can arise, survive, and attract 100% participation
at a subgame perfect Nash equilibrium. The difficulty arises because of scale economies
in the nature of institutions. It is individually rational to participate in large organizations
irrespective of their efficiency. It is of course possible to stop there, and take the view that
equilibrium does not pin down institutional structure, or to assume there are decreasing
returns due to further costs of operation not in the model. We take a third point of view, that
the structure of institutions or contracts or markets predicted by economic theory should be
robust to small mistakes made by patrticipants.

Applying a fairly natural notion of mistakes borrowed from the evolutionary game theory
literature, we find that a stable contract is essentially unique. It is, however, inefficient. The
inefficiency stems from the nonlinearity of payoffs with size. Interestingly, a lot of inefficient
outcomes are ruled out: in particular, the autarkic outcome never survives; full insurance
rarely does. When the size of the population becomes large, the loss from the use of stable
contracts becomes negligible. We draw attention to this because the potential losses from
coordination failure could explode asincreases—this is not true at stable outcomes.

There remains the question of making the menu of available contracts endogeneous. This
would require a substantial extension of this work. At the same time, our findings do make
some clear predictions. Suppose that we start from a situation where all particants are in
some organization, i.e. the state(is N). A competing contract will only survive if it is
stable relative tar. If introducing new contracts is costly we would expect the relative
stability condition,Sg, to be satisfied successively with strict inequality. The globally stable
contract would be immune to such competition (but if the introduction of contracts is costly
several other contracts may be immune as well).

We restrict attention to linear, budget balancing contracts. These can be thought of as
insurance contracts with deductibles indexedshyraded at actuarially fair prices. This
interpretation is valid for largeV, which suggests that the approach may be useful in
understanding the stability of asset structures, especially if profit maximizing firms design
the insurance contracts.

There are other approaches to studying incomplete risk-sharing. For exadimpha|l
(1988), Coate and Ravaillon (1998Yaluate the extent to which repeated interaction may
sustain some trade, and explain partial risk-sharing. It is an open question whether that
approach is likely to provide a better explanation of observed outcomes.

We begin by imagining that groups operate by different rules, and compete for partic-
ipants. The question is whether competition eliminates inefficient contidats.(1983)
asks the same question about competition between inefficient firms, and finds that compe-
tition improves efficiency. Our “firms,” or risk-sharing groups, have the property that the
relative value of participation increases with its size, and this induces coordination failures.
Such a phenomenon arises for many economic institutions, including markets. This is true
for markets with costly searcfDiamond, 1982)of markets competing against informal
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arrangements of reciprocifitranton, 1996)and the use of money as a medium of exchange
(Ritter, 1995)

We assume that institutions are rigid, but do not attempt to explain why. It is possible
that rigid institutions are themselves a product of evolutidarrington (1999%uggests that
rigid behavior by individuals may do well in competitive environments, and may spread by
imitation. For our framework, this is a further illustration that stable rules are not necessarily
efficient.
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Appendix A.
A.1l. Proof of Lemma 1

We first list some definitions and calculations used in the proofs. We have previously
defined

l1-0 14+0M-1)
E=0+ Yk i .
This implies
o0& l-0
M- M2
& M-1
o M
The payoff of individual writes as

Vi(e; &, M) = &[e;]” — ce +v(e_i, & M).

Result 1. Every individual participating in contracs, M) invests

e = e(f) = (%s)m_a

Result 1 follows from the maximization df; with respect tee; € [0, 1]. The function
e(&) isincreasing irg, and hence strictly decreasingMiwhenever O< o < 1. This proves
Lemma 1
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A.2. Proof of Lemma 2

Define
VIE M) = i+ [e(®)]” — ce(®) — % (sz + (L__é)f) :
Note that
‘%E%§=(%)Wuwniézéb%wule_a_pmz A1)
=W _M-1,. (A2)
o M
Vi = g—; = % (%(1 — )2~ Ve(l— a)) . (A.3)

Some properties of can now be summarized.

Result 2. Let Y(&) = (a/c®)Y A0 (1/(1 — ))&@eD/1=0) (1 — &) = V; + pvo.

1. Y(1) =0

2. 6€l/M, 1))=Y > 0;

3. Y(¢) is monotonically declining whenever8 o < 1/2
4. Y(&) is bounded above whenevef2l< o < 1:

Y(€) < 1 = MaXee.1Y(€) = a(c) /1% 2q — 1)@a=D/1=0) o o,

Result 2 follows from properties of the function, and th&f1 — x) attains a maximum
atx = y/(1+ y) whenevery > 0.

Result 3. Visincreasing il atM = 1.

Egs. (A.1)—(A.3)imply

1l-0 1+ 0)
V=g (552 - vee) (A4)

andM =1=&t(=1=Y=0.

Result 4. V is quasi-concave i whenever O< o < 1/2. It is increasing il for each
o wheneverpv > 2Y(o + (1 — 0)/M)/(1 + o).

The result follows from (9) and Result 2, claim 3.

Result 5. Let 1/2 < o < 1. For eachr € [0, 1), V is strictly increasing il whenever
pv > 2n.

From(A.4), V) > 0 wheneverpv(l + o) > 2Y(§). 0 > 0 = pv(1+ o) > pv. From
Result 2, claim 4Y(§) < n whenevew € (3, 1).



J. Dutta, K. Prasad/ Journal of Mathematical Economics 38 (2002) 411439 435

ForLemma 2 defineyy such that

1 1
0 < - =2Y|—);
<oz_2$y1v (N)

1>a> % = yn =27
and invoke Results 3 and 4, noting that is finite whenevew is.

A.3. Proof of Lemma 3

For eachM, V(o, M) is continuous inr € [0, 1]. Hence, a maximum exists. Further,

8V_M—1Y
__T[ (&) — pvo]

Jdo

and is continuous on [@]. Now
av M—-1
—lo=1=—wp <0
do

wheneverM > 1, implyingo™® < 1if pv > 0. Similarly,

1% M-1 1
_|G=0= Y| — >03

do M M
implying o* > 0. It follows thato’, is an interior optimum and necessarily satisfies:

YL+ (M — Doty /M)

*
oM

oV,

the first order condition for a maximum. Finally, monotonicitygf whena < 1/2 follows
from the fact that declines witho.

A.4. Proof of Lemma 4

Equilibrium payoffs are:

@/~ 1/(-a) 152
V@,M):(“f) —c<“§> —%<s2+(M_5)1).

Further,
dv. 9V dé N 1%
dM & dM M’
The efficient sharing rule is interior, frolemma 3 and satisfies

v 0k
98 do
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which requires9V/0¢ = 0. Substituting the previous one, for the efficient contract at each
M!

dv. 9V pu(l—§)2 0
—_— = — = — = > (.
dM M 2(M —1)?

A.5. Proof of Proposition 1

1. DefineMk_i = Z?’#laik. Individuali choosesijx = 1 only if
Vior, M + 1) =max[..., V(oj, Mj +1),...].
2. LetM," = N —1andM;" =0 for j # k. Thenaix = 1 only if

V(Gka N) 2 Va-

This establishes thatly = N is an equilibrium whenever this condition holds.
3. Supposev > yy as specified. Frorhemma 3 this implies

M) Viog, M+ 1) > V(oy, M)

for eacho € [0, 1) and integemM between 1 andv. SupposeMp > 1 andM; > 1 at
a participation equilibrium. This implieB, > V(oy, My + 1), which contradictgM).

Hence, maxif;] > 1 = Mo = 0. Supposeéd; > 1 andM, > 1, My = 0. Thisis a
participation equilibrium if

V(o1, M1) > V(o2, M2 + 1);
V(o2, M) > V(o1, M1 + 1).
From(M),
Vo2, M2 + 1) > V(o2, M2).
These three inequalities impk(o1, M1) > V(o1, M1 + 1) which violates(M).

A.6. Proof of Proposition 2.

Define Vi (m) = V(ox, m) andV;(m) = V(oj, m).

1. FromLemma 2 pv > yy implies thatV(o, M) is strictly increasing inM whenever
o € [0, 1). The function

Ayj(m) = Vi(m) = V;(N +1—m)
is strictly increasing imn, and
AL =V, = Vi(N) <0;

A(N) = Vi(N) =V > 0.
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There exists som&/* such that
m < M* & Ag(m) < 0.
2. Consider the stochastic process defined by the transition equation
M,11 = M; +1 with probabilityb. (M,);
M1 = M; — 1 with probabilityd.(M;).
The invariant distribution must satisfy the balance conditions

Pe(m) _ be(m - 1)
Pm —1)  de(m)

Pc(m)de(m) = Pe(m — Db(m — 1) =

foreachm =1,..., N.
3. From the definitions.

bg(m—l)_N—m—i—l €

M* =
"= = dc(m) m 1—c¢
m>M*:>b€(m—l) _ N—m—i—ll—e‘
- de(m) m €

4. It follows that

P.(N) 1 — e\ N-2M*=1)
mm=<e> '

Thus,
Iime—)OPé(N) >0

if, and only if, M* < N/2 + 1.
5. Nt/2is the largest integer not exceediNg2 + 1. Thus, stability ofoy, N) relative to
ojis equivalent ta* < N*/2 = Ay (N*/2) > 0. This completes the proof.

A.7. Proof of Proposition 3
Nt Nt
\% (Uk, 7) = maX;V <O', 7) .
NT NT N7
Akj (7) Z 1% <Uk, 7) -V <Uj, 7) E 0

Further,N + 1 — (N*/2) = N*/2 whenevem is odd, implyingA(N*/2) > 0 for all
o; if, and only if, V(ox, N*/2) = max, V(e, N /2).
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A.8. Proof of Proposition 4

Suppose individuals can choose betwéegroups with rulesr, ..., ok. Let
S[ :[,mkt,]

be the participation profile at Birth and death rates for each group depend on the full state
variables;:

Mkt . .
di(Sy) = W(l_ €) ifminj Ag(mi) < 0

die(Sy) = %e otherwise

and similarly forb, (there is a slight difference for accidental births, where we assume that
any of the “wrong” groups can be joined with equal probabtiiityk — 1)). These are birth

and death probabilities conditional on the st8tel et P. be the stationary distribution on

S, and define the marginal probabilities

ZS:mk=m Pe(8)di(S)
2 Smyem Pe(S)

and similarly forby (m). As before,P.(m; = m) = P.(0) ]'[nl‘f=1 by (m)/dy(m).
Now suppose

. Nt Nt
(Vi) [V (ok, 7) >V <0i, N+1- 7)] )

This impliesby(m — 1) /dy(m) = qb(m)% for all m > NT/2, whereg(m) is a finite,
positive, function ofz. The contractox, N) must then be stable. The proof tfiaf; . /2 N)
is globally stable is immediate.

di(m) =

)
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