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Abstract

We study equilibrium retention rules in a dynamic common agency game. The decision to reap-
point or not is made by a committee consisting of two principals: the retention decision is uncertain
if the two principals disagree. We demonstrate that all equilibrium paths exhibit what we callstrate-
gic consensus: the agent takes actions that satisfy the performance standards of all principals on the
one hand, and all principals lower their standards such that the agent wants to satisfy them on the
other. This result applies both to economies with sub- and super-additive costs of providing utilities
to the principals.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

This paper studies a dynamic common agency game. Two principals delegate some task
to a common agent who has an incentive to divert resources. The only incentive instrument
available to the principals is the decision to reappoint the agent or not. This decision is made
by a committee consisting of the principals. Each principal supports reappointment if, and
only if, the agent has satisfied a pre-announced performance standard. Importantly, the
committee decision is uncertain if the two principals disagree about reappointing the agent:
we refer to this as governance uncertainty. Governance uncertainty arises for a number of
reasons. First, where decision-making is governed by simple rules such as the majority rule,
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governance uncertainty is related to random turnout by the principals. This interpretation
is natural if we think of the two principals as different groups of voters and the agent as
an elected politician. Second, in many cases, committee decisions are made behind closed
doors, and outcomes depend on a variety of unpredictable factors. This interpretation is
natural in relation to promotion decisions in organizations in which such decisions are not
governed by rules but by power relationships. Promotion decisions in university departments
might be one example of this.

We say that a sequence of performance standards displaysstrategic consensus if the agent
prefers to meet both standards at all times, both principals support his reappointment, and he
is reappointed with certainty. Thus, an equilibrium with strategic consensus insures the agent
against random committee decisions, and similarly insures each principal against “partisan”
outcomes whereby the agent seeks to please the other principal only. The question is whether
strategic consensus can arise at subgame perfect Nash equilibrium. The main result of the
paper is that there are possibly many equilibrium paths butall of them display strategic
consensus. Importantly, this result is true independently of whether the cost function, which
defines the cost to the agent of providing utility levels to the two principals, is sub- or
super-additive. While it might be expected that sub-additive costs would lead to strategic
consensus simply because it is cheaper for the agent to satisfy the performance standards
jointly than separately, it is surprising that the same result obtains with super-additive costs,
where it ismore costly to satisfy principals jointly than separately. Uncertainty regarding the
reappointment decision is necessary for strategic consensus to arise at equilibrium. If one
principal is always decisive, then all equilibrium paths would display “partisan” outcomes
and the agent would only provide utility to the decisive principal.

Our model is related to other common agency models in the literature, such asBernheim
and Whinston (1986), Dixit, Grossman and Helpman (1997), Bergemann and Välimäki
(2003). A key difference is that the principals in our model only have one control instru-
ment at their disposal—the retention rule—and, more importantly, governance uncertainty
prevents them from applying this tool with certainty: the consent of both is needed to se-
cure reappointment with certainty. Thus, from the point of view of the agent, the principals
are not “perfect substitutes” and that is what prevents Bertrand-like underbidding in our
setting. One consequence of this is that the principals, in contrast to, for example,Dixit,
Grossman and Helpman (1997), are able to retain part of the surplus even if the cost function
is additive. Our model is also related to the work byBanks and Sundaram (1993, 1998)
and others on retention rules in agency problems with one long-lived principal and a series
of short-lived agents. We add to this literature by showing that equilibrium retention rules
with two principals display strategic consensus.

The rest of the paper is organized as follows. InSection 2, we present the model and discuss
the main assumptions regarding governance uncertainty and the properties of the cost func-
tion. InSection 3, we state and prove the main result about strategic consensus (Theorem 1).
In Section 4, we explore the implications ofTheorem 1. We show that there exist many
possible equilibrium utility allocation with sub-additive costs (Proposition 1), while the
utility allocation, under some mild additional assumptions, is unique with super-additive
costs (Propositions 2 and 3). Proposition 4 demonstrates that governance uncertainty is
necessary for strategic consensus. InSection 5, we briefly discuss a political economy
application.
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2. The model

We consider a dynamic common agency. Time is discrete and open ended,t = 0, 1, . . . .
Two principals (i = 1, 2) delegate a task or a number of tasks to a common agent each
period. The agent (i = 0) has an incentive to divert resources away from the task, and
the two principals need to provide appropriate incentives to avoid this. The only incentive
instrument available to the principals is the decision whether to reappoint the agent or
to replace him with someone else. We denote per period utilities byuit. All utilities are
discounted with the discount rateβ ∈ (0, 1) and life-time utility is given by

Vi0 =
∞∑
t=0

βtuit, i ∈ {0, 1, 2}.

Each period, the agent has access to a pool of resourcesR. Some of these he may use to
provide utility to the two principals; the rest he keeps for himself. Denoting the cost of
providing utility to the principals byct , we can write the agent’s payoff in periodt as:

u0t = R − ct

if appointed andu0t = 0 otherwise. It is clear that, absent further incentives, the agent
would want to choosect = 0.

An important feature of the model is thecost function. The cost function,C(x1t , x2t),
shows the minimum cost of providing utilitiesu1t ≥ x1t andu2t ≥ x1t to principal 1 and
2, respectively, at timet, where(x1t , x2t) ∈ R2+. We assume thatC1(x1t) = C(x1t , 0),
C2(x2t) = C(0, x2t), andC(0, 0) = Ci(0) = 0, i = 1, 2. In the analysis, we make use of
the following additional assumptions.

Assumption 1. The cost function is monotonically increasing in each argument, i.e.,

(M) xt > x′
t ⇒ C(xt) > C(x′

t)

wherext = (x1t,x2t). Further, limxi→∞C(x1, x2) = ∞.

Assumption 2. The cost function is continuous, i.e.,

(K) C(x1t,x2t) ∈ C1.

Assumption 3. The cost function is sub-additive

(C+) C(x1t , x2t) ≤ C1(x1t) + C2(x2t).

Alternatively,

Assumption 4. The cost function is super-additive

(C−) C(x1t , x2t) > C1(x1t) + C2(x2t).

Assumption 1says that the agent cannot deliver higher utilities to the principals without
incurring additional costs.Assumption 2says that the cost function cannot have “jumps”
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and rules out fixed costs. Both of these assumptions can be relaxed.Assumptions 3 and 4
specify whether it is cheaper or more expensive to provide utility to the principals jointly
or separately. Both cases are common in practical applications. One illustrative example is
promotion decisions within a university department. Often the senior faculty is split between
those that prioritize teaching and those that prioritize research. Junior faculty members (the
agent) can then devote their time and effort to teaching and/or research. The cost function
is sub-additive if excellence in teaching makes it easier to produce excellent research and
vice versa. The cost function is super-additive if, on the other hand, achieving excellence
in teaching makes it harder to also achieve excellence in research and vice versa.

We assume that the reappointment decision is made by a committee consisting of the
two principals. The committee meets at the end of every period to decide if the agent
is reappointed or not. Before each meeting, the two principals independently announce
performance standards specifying how much utility the agent needs to generate for each of
them to gain their support at the meeting. We do not need to specify the details of how the
committee reaches decisions. The following assumptions are sufficient for our purposes. If
both principals agree that the agent should either be retained or dismissed, the outcome of
the meeting is clear: the agent is either retained or dismissed. In contrast, if the two principals
disagree, the outcome is not clear and depends on many factors, most of which are hard for
the agent to predict ex ante. We capture this by introducing the following assumption.

Assumption 5 (Governance uncertainty). Suppose the two principals disagree about whether
or not the agent should be reappointed. The ex-ante probability that principal 1(2) is deci-
sive in the sense that his preference becomes that of the committee is equal top(1 − p).
We assume thatp ∈ (0, 1) is constant over time.

The assumption implies that the agent can secure reappointment with certainty only by
satisfying the performance standards of both principals; by satisfying one standard alone,
the agent runs the risk of not being reappointed. In a sense, uncertainty in rewards arises
from uncertainty about which of the two principals will have the “casting vote”, or final
say, in the only reward available: reappointment. There is no aggregate uncertainty, as one
of the principals will have the casting vote for sure. For this reason, it is sufficient to deal
with p rather than specifyingp1 andp2, wherepi is the probability that principali is
decisive.

The game between the agent and the two principals unfolds over time as follows. At the be-
ginning of each period, the two principals announce the performance standards that the agent
need to satisfy to get their support at the next meeting. The standards are chosen by the two
principals non-cooperatively and simultaneously and are denotedxt = (x1t , x2t). The agent
observes the standards and determines whether to comply, and if so, how many standards
to meet. We denote the set of actions available to the agent byA = {(00), (10), (01), (11)}
with elementsat = (00) (meet neither standard);at = (10) (meet principal 1’s standard
only); at = (01) (meet principal 2’s standard only); andat = (11) (meet both standards).
At the end of the period, a new meeting is held and a decision regarding reappointment is
made. The decision is based on the observed utility generated by the action taken by the
agent relative to the performance standards announced at the beginning of the period. If
there is agreement, the outcome of the meeting follows from this; in case of disagreement,
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the outcome is determined byp. If the agent is not reappointed, he is replaced by another
similar agent. After the meeting, the game continues to the next period where a similar
sequence of events takes place.

Formally, the game described above is a dynamic game with absorbing states and perfect
information. The natural solution concept is subgame perfect Nash equilibrium. Strategies in
a subgame perfect Nash equilibrium can depend in complex ways on the history of the whole
game. We restrict attention to stationary equilibria: subgame perfect Nash equilibria where
strategies are not history dependent . Where we refer to “stationary equilibrium” in what
follows this is what we mean. We assume that the agent if indifferent between two or more
actions (which are then preferred to the remaining ones) chooses the action that maximizes
reappointment chances.2 We can motivate this tie-breaking rule by saying that the agent
has lexicographic preferences. He cares about the expected rent generated by keeping his
appointment and chooses actions accordingly, but when two actions yield the same utility,
he prefers to take the action that maximizes reappointment chances. Alternatively, we could
assume that the agent picks actionat = (11) if indifference between this and any of the other
three actions and that he always go with, say, principal 1, if indifference betweenat = (10)
andat = (01). This and other similar rules would yield the same outcomes. Thus, there
is nothing special about the “maximize reelection chances rule:” it simply determines how
the tie is broken in each case.

3. Strategic consensus

We can now state the main Theorem. It demonstrates that all stationary equilibrium paths
display strategic consensus: the agent prefers to meet both standards at all times, both
principals support his reappointment, and he is reappointed with certainty.

Theorem 1 (Strategic consensus).Assume that β ∈ (0, 1). Let xt = (x1t , x2t) be a pair
of performance standards set by the two principals for period t and define X = {xt}∞t=0 as
a sequence of such standards. Let a∗

t be the action implemented by the agent in period t;
define V0t(at) as the agent’s payoff.

1. A stationary subgame perfect Nash equilibrium exists.
2. Suppose (M), (K) and (C+) hold. Along any stationary equilibrium path, X satisfies

(SC+) V0t(11) = V0t(00) ≥ max{V0t(10), V0t(01)}.

Any sequence X satisfying (SC+) is a stationary subgame perfect Nash equilibrium
in performance standards. Along any stationary equilibrium path, the agent chooses
a∗
t = (11) at every t and he is reappointed for sure.

3. Suppose (M), (K) and (C−) hold. Along any stationary equilibrium path, X satisfies

(SC−) V0t(11) = V0t(10) = V0t(01) > V0t(00).

2 Forp = 1/2, we assume that he choosesa∗
t = (10) if V0t (10) = V0t (01) > max[V0t (11), V0t (00)].
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Any sequence X satisfying (SC−) is a stationary subgame perfect Nash equilibrium
in performance standards. Along any stationary equilibrium path, the agent chooses
a∗
t = (11) at every t and he is reappointed for sure.

Corollary 1. Every stationary subgame perfect Nash equilibrium path displays strategic
consensus at each t.

We prove the Theorem with a series of Lemmas. We begin by introducing some notation.
Denote for each actionat ∈ A, the agent’s payoff byV0t(at) and write

V0t(00) = R; (1)

V0t(10) = R − C1(x1t) + pβVt+1; (2)

V0t(01) = R − C2(x2t) + (1 − p)βVt+1; (3)

V0t(11) = R − C(x1t , x2t) + βVt+1. (4)

whereVt+1 > 0 is the value of being reappointed at timet + 1. Note that the agent is only
reappointed with some probability (p or 1− p) if he chooses to be “partisan” and satisfy
one of the standards only.

Now, suppose, in some periodt, that the two principals announce the standardsxt =
{x1t , x2t}. Given these standards, the agent chooses an action from the set{at ∈ A :
arg maxat∈AV0t(at)}. If the agent is indifferent between two or more actions in this set,
he chooses the action that maximizes reappointment chances as discussed above. This is
anticipated by the two principals when they, simultaneously, set their standards at the be-
ginning of the period. With these preliminary remarks we can state the first Lemma.

Lemma 1. Suppose that (M) and (K) hold. If the performance standards xt = {x1t , x2t}
constitute a subgame perfect Nash equilibrium at time t, then xt must satisfy

(E0) V0t(11) ≥ max{V0t(10), V0t(01), V0t(00)}.

Proof. We argue by contradiction. Suppose thatx̃t = {x̃1t , x̃2t} constitutes a stationary
subgame perfect Nash equilibrium in performance standardsand that

V0t(11) < max{V0t(10), V0t(01), V0t(00)}
at timet. There are four separate cases to consider. We show in each case that at least one of
the two principals has an incentive to deviate fromx̃t , leading to the required contradiction.

1. Suppose that

V0t(10) = max{V0t(10), V0t(01), V0t(00)} > V0t(11)

or that

V0t(10) = V0t(00) = max{V0t(10), V0t(01), V0t(00)} > V0t(11).
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RewriteEqs. (2)and(4) to get

V0t(10) − V0t(11) = C(x1t , x2t) − C(x1t , 0) − (1 − p)βVt+1.

By (M) and (K), there must exist ax′
2t > 0 such that

C(x̃1t , x
′
2t) − C(x̃1t , 0) − (1 − p)βVt+1 < 0.

This implies that principal 2 can gain at leastx′
2t > 0 by announcing the standardx′

2t

instead of̃x2t .
2. Suppose instead that

V0t(01) = max{V0t(10), V0t(01), V0t(00)} > V0t(11)

or that

V0t(01) = V0t(00) = max{V0t(10), V0t(01), V0t(00)} > V0t(11).

By an argument similar to the previous case, there must exist ax′
1t > 0 such that

C(x′
1t , x̃2t) − C(0, x̃2t) − pβVt+1 < 0.

This implies that principal 1 can gain at leastx′
1t > 0 by announcing the standardx′

1t

instead of̃x1t .
3. Suppose that

V0t(00) = max{V0t(10), V0t(01), V0t(00)} > V0t(11).

RewriteEqs. (1) and (2)to get

V0t(00) − V0t(10) = C(x1t , 0) − pβVt+1.

By [M] and [K], there must exist ax′′
1t > 0 such that

C(x′′
1t , 0) − pβVt+1 < 0.

This implies that principal 1 can at least gainx′′
1t > 0 by announcing the standardx′′

1t

instead of̃x1t . A similar argument can be made for principal 2,
4. Suppose that

V0t(10) = V0t(01) = max{V0t(10), V0t(01), V0t(00)} > V0t(11)

or

V0t(10) = V0t(01) = V0t(00) > V0t(11).

We need to consider two sub-cases. First, suppose the agent choosesat = (10). We can
then repeat the argument from case 1 to show that there exists a deviation for principal
2. Second, suppose the agent choosesat = (01) and we can repeat the argument from
case 2 to show that there exists a deviation for principal 1 �
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Lemma 2. A pair of performance standards xt = (x1t , x2t) is a stationary subgame perfect
Nash equilibrium at time t if, and only if

(E1) V0t(11) = max{V0t(01), V0t(00)};
(E2) V0t(11) = max{V0t(10), V0t(00)}.

Proof. Suppose thatp ≥ 1/2. The (per-period) payoff of principal 1 is

u1t = x1t , if max{V0t(11), V0t(10)} ≥ max{V0t(01), V0t(00)};
u1t = 0, otherwise.

The period payoff of principal 2 is

u2t = x2t , if




V0t(11) ≥ max{V0t(10), V0t(00), V0t(01)};
V0t(01) > max{V0t(10), V0t(00), V0t(11)};
V0t(01) = V0t(00) > max{V0t(10), V0t(11)}.

u2t = 0, otherwise.

Recall thatC(x1t , x2t) andCi(xit) are monotonically increasing in their arguments by (M).
Suppose that̃xt is a (stationary subgame perfect Nash) equilibrium. Then, byLemma 1,
(E0) is satisfied bỹxt . It follows that the payoff of principal 1 is maximized by the standard,
x1t , that satisfies (E1), and that the payoff of principal 2 is maximized by the standard,x2t ,
that satisfies (E2). Finally, notice that if (E1) and (E2) are satisfied by a set of performance
standards at timet, then these standards constitute a stationary subgame perfect Nash Equi-
librium. This completes the proof for the case withp ≥ 1/2. The proof for the case where
p < 1/2 is similar and is omitted. �

The following two Lemmas explore the implications of assumptions(C+) and (C−),
respectively.

Lemma 3. Conditions (E1), (E2), and (C+) hold at t if, and only if

V0t(11) = V0t(00) ≥ max{V0t(10), V0t(01)}.

Proof. Note that(C+) implies that

(C0+) V0t(11) + V0t(00) ≥ V0t(10) + V0t(01)

at anyt. We prove the Lemma by contradiction. SupposeV0t(11) > V0t(00). Condition
(E2) implies that

V0t(11) = V0t(10).

Substitute into (C0+) to get that

V0t(00) ≥ V0t(01).
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Combining this with (E1) yields

V0t(11) ≤ V0t(00).

This is a contradiction, soV0t(11) cannot be greater thanV0t(00). It follows directly from
(E1) thatV0t(11) cannot be smaller thanV0t(00). Finally,V0t(11) = V0t(00) is compatible
with (C0+), (E1), and (E2) only if V0t(10) ≤ V0t(00) andV0t(01) ≤ V0t(00). �

The next Lemma considers the case of super-additive costs.

Lemma 4. Conditions (E1), (E2), and (C−) hold at t if, and only if

V0t(11) = V0t(10) = V0t(01) > V0t(00).

Proof. Note that (C−) implies that

(C0−) V0t(11) + V0t(00) < V0t(10) + V0t(01)

at anyt. We begin by proving thatV0t(11) = V0t(10). This is done by contradiction. First,
suppose thatV0t(11) > V0t(10). (E2) implies that

V0t(00) > V0t(10).

Combining this with (C0−) implies that

V0t(11) < V0t(01).

However, (E1) implies thatV0t(11) ≥ V0t(01). This is a contradiction, soV0t(11) cannot
be greater thanV0t(10). Second, suppose thatV0t(10) > V0t(11). (E2) implies that

V0t(11) ≥ V0t(10);
This is a contradiction, and soV0t(10) cannot be greater thanV0t(11). We conclude that
V0t(10) = V0t(11). The proof thatV0t(01) = V0t(11) is similar and omitted. Finally,
V0t(11) = V0t(10) = V0t(01) is compatible with (C0−) only if V0t(11) = V0t(10) =
V0t(01) > V0t(00). �

The last Lemma establishes that a stationary subgame perfect equilibrium exists.

Lemma 5. A stationary subgame perfect equilibrium exists for β ∈ (0, 1).

Proof. Suppose first that (C+) holds. In this case, a stationary equilibriumx̂ = {x̂1, x̂2}
satisfies (SC+) at everyt. This implies

R − C(x̂1, x̂2)

1 − β
= R; (5)

and that

R ≥ max

[
R − C(x̂1, 0)

(1 − pβ)
,

R − C(0, x̂2)

(1 − (1 − p)β)

]
.
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Eq. (5)rewrites as:

C(x̂1, x̂2) = βR.

Equilibrium levels ofx̂ satisfy

C(x̂1, x̂2) = βR (6)

and

R ≤ min

[
C(x̂1, 0)

pβ
,

C(0, x̂2)

(1 − p)β

]
. (7)

It follows from conditions (C+), (M) and (K) that there exists a solution toEqs. (6) and (7).
Suppose instead that (C−) holds. In this case, a stationary equilibriumx̄ = {x̄1, x̄2} must

satisfy

R − C(x̄1, x̄2)

1 − β
= R − C(x̄1, 0)

1 − pβ
(8)

and
R − C(x̄1, x̄2)

1 − β
= R − C(0, x̄2)

1 − (1 − p)β
(9)

along with

R − C(x̄1, x̄2)

1 − β
> R. (10)

Define the quantitiesx11, x12, x21, x22 as solutions toEqs. (8) and (9)whenx1 = 0 and
x2 = 0, respectively. Then

R − C(x11, 0)

1 − β
= R − C(x11, 0)

1 − pβ
;

R − C(0, x21)

1 − β
= R

1 − pβ
;

R − C(x12, 0)

1 − β
= R

1 − (1 − p)β
;

R − C(0, x22)

1 − β
= R − C(0, x22)

1 − (1 − p)β
.

Solving these equations yields

R = C(x11, 0) = C(0, x22);
in addition,

x12 < x11; x21 < x22

wheneverβ ∈ (0, 1). It follows that a solution toEqs. (8) and (9)exists.
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Additionally, if x̄ satisfiesEqs. (8) and (9)then restriction(10) holds for allβ ∈ (0, 1).
To show that an equilibrium exists for allβ ∈ (0, 1), rewrite(8) and(9) as:

Rθ = (1 + θ)C(x̄1, x̄2) − C(x̄1, 0);
Rη = (1 + η)C(x̄1, x̄2) − C(0, x̄2);

whereθ = (1 − p)β/(1 − β) andη = pβ/(1 − β). Adding the two equations, we obtain

(θ + η)[R − C(x̄1, x̄2)] − C(x̄1, x̄2) = C(x̄1, x̄2) − C(x̄1, 0) − C(0, x̄2) > 0 (11)

by [C−]. Note also thatθ + η = β/1 − β and that(11) implies

C(x̄1, x̄2) < βR

as assumed. �

4. Interpretation and implications

Theorem 1shows that all stationary equilibrium paths displaystrategic consensus. Com-
petition between the two principals implies that the performance standards are sufficiently
low that the agent chooses to meet both to get the reappointment reward with certainty.
While this outcome, perhaps, is to be expected when the cost function is sub-additive and
it is cheaper for the agent to satisfy the standards jointly than separately, it is surprising
that the same result obtains with super-additive costs. In this case, the fact that it ismore
expensive to satisfy the standards jointly than separately suggests that “partisan” outcomes
would be more likely. This intuition is wrong for the following reason. Whenever the agent
is willing to implement a “partisan” outcome, one of the principals would receive zero
payoff and have an incentive to prevent this from happening. By reducing his standard, he
can induce the agent to implement a “partisan” outcome in his favor. This logic continues
until the standards are such that the agent is just willing to implementat = (11) and the
result is strategic consensus.

Although all stationary equilibrium paths display strategic consensus, the distribution of
payoffs depends critically on the properties of the cost function. We explore this in a series
of propositions and corollaries, most of which follow directly fromTheorem 1. The first
proposition unpacks condition (SC+) and shows how the surplus of the agency is divided
between the two principals and the agent in an economy with sub-additive costs.

Proposition 1 (Sub-additive costs).Condition (SC+) is equivalent to

(SC+
1 ) C(x1t , x2t) = βR;

(SC+
2 ) C1(x1t) ≥ βpR;

(SC+
3 ) C2(x2t) ≥ β(1 − p)R.

Along all stationary equilibrium paths, the agent receives payoffs (1 − β)R per period.
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Proof. The value of appointment starting from any periodt isV0t = max[V0t(01), V0t(10),
V0t(11), V0t(00)]. We obtain fromLemma 3andEq. (1) that V0t = V0t(00) = R. This
implies that

V0t+1 = R.

We obtain, fromTheorem 1andEqs. (1)–(4), that

V0t(11) = V0t(00) ⇒ C(x1t , x2t) = βR;
and that

V0t(00) ≥ V0t(10) ⇒ C1(x1t) ≥ βpR;
V0t(00) ≥ V0t(01) ⇒ C2(x2t) ≥ β(1 − p)R.

The agent’s per period payoff isR − C(x1t , x2t) = (1 − β)R �

Corollary 2 (Additive costs).Suppose C(x1t , x2t) = C1(x1t) + C2(x2t). Then, the agency
has a unique stationary equilibrium, x1t = x∗

1 and x2t = x∗
2, with

C1(x
∗
1) = βpR;

C2(x
∗
2) = β(1 − p)R.

In economies with sub-additive costs, the indifference conditionV0t(11) = V0t(00)
determines how the surplus of the agency is split between the agent and the two principals
combined. The agentalways gets(1−β)Rper period, while the remaining share of resources,
βR, is devoted to the task of generating utilities to the two principals, who, in the aggregate,
receive utils corresponding to at leastβR. Importantly, this distribution of resources is
unaffected by uncertainty. Thus, strategic consensus provides the agent with “full insurance”
against random appointment decisions.

Strategic consensus also provides each principal with insurance against “partisan” choices.
Corollary 2demonstrates that this insurance is actuarially fair when the cost function is ad-
ditive. Principal 1 would getx∗∗

1 satisfyingC1(x
∗∗
1 ) = βR if p = 1; similarly, principal 2

would getx∗∗
2 satisfyingC2(x

∗∗
2 ) = βR if p = 0. Their equilibrium payoffs achieve the ex-

pected cost of best and worst (getting 0) outcomes. When the cost function is sub-additive,
Proposition 1shows that the actuarially fair payoffs define a lower bound on the payoffs re-
ceived, in equilibrium, by each principal. Furthermore, economies withstrictly sub-additive
costs exhibits multiple equilibria in performance standards at eacht, and any sequence of
selections from these generates stationary paths of equilibria. The locus of stage game
equilibria defines a (stationary) utility-possibility frontier subject to agency constraints as
follows:

Uc = {(u1t , u2t) : C(u1t , u2t) = βR, C1(u1t) ≥ pβR, C2(u2t) ≥ (1 − p)βR}.
An increase in resource availability shifts the utility frontier out. This is becauseR raises

the value of being appointed at eacht, and the principals can for this reason demand more
of their agent. A similar argument holds for the discount factorβ: an increase inβ shifts
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the frontier out because the principals can demand more of a more farsighted agent. The
equilibrium allocations on the utility frontier cannot be Pareto ranked. The cost function
increases in both arguments, so that a move from one equilibrium to another must make
one principal worse off. The frontierUc thus describes the trade-off between principals. It
is possible to select equilibria, of course, by choosing one that maximizes a weighted sum
of utilities, or any other social welfare function.Corollary 2shows that the equilibrium
utility allocation is unique and equal to{u1t , u2t}={C−1

1 [pβR], C−1
2 [(1 − p)βR]} when

the cost function is additive, and any equilibrium allocation what arises with sub-additive
costs (weakly) Pareto dominates this allocation.

The next proposition shows how the surplus is distributed when the cost function is
super-additive.

Proposition 2 (Super-additive costs).Suppose that X is a sequence of stationary perfor-
mance standards that satisfies condition (SC−). Then X must satisfy

(SC−
1 ) C(x1, x2)(1 + θ) − C1(x1) = θR

(SC−
2 ) C(x1, x2)(1 + η) − C2(x2) = ηR

where θ = (1−p)β/(1−β) andη = pβ/(1−β). The agent receives payoffs R−C(x1, x2) >

(1 − β)R every period.

Proof. The value of appointment starting from any periodt isV0t = max[V0t(01), V0t(10),
V0t(11), V0t(00)]. We obtain fromLemma 4thatV0t = V0t(11) for all t. Iterative, forward
substitution, usingEq. (4), yields

V0t =
∞∑

k=0

βk(R − C(x1t+k, x2t+k)).

For sequences of stationary standards, we get

V0t = V0t+1 = R − C(x1, x2)

1 − β
.

Substituting forV0t+1 = (R − C(x1, x2))/(1 − β), we get that

V0t(11) = V0t(10) ⇒ (SC−
1 )

and

V0t(11) = V0t(01) ⇒ (SC−
2 ).

Finally,V0t = (R−C(x1, x2))/(1−β) for all t implies that the agent getsR−C(x1, x2) per
period. This is strictly greater than(1 − β)R becauseV0t(11) > V0t(00) by Lemma 4. �

In economies with super-additive costs, the indifference conditionV0t(11) = V0t(10) =
V0t(01) determines how the surplus of the agency is divided between the principals and
the agent. Along stationary equilibrium paths, the agent receivesR − C(x1, x2), and this
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is more that he receives alongany equilibrium path with sub-additive costs. Intuitively,
super-additive costs make it costly for the agent to implement consensus outcomes. This
enables him to extract more surplus: the principals have,ceteris paribus, to lower their
standards more to insure that the agent is willing to implement the consensus outcome
(at = (11)) rather than one of the two “partisan” outcomes (at = (10) or at = (01)).

The stage-game utilities of the principals (and the cost to the agent of providing these
utilities) are determined by conditions (SC−

1 ) and (SC−
2 ). The next proposition shows that

the utility allocation is unique under some, fairly mild, additional assumptions about the
properties of the cost function.

Proposition 3 (Uniqueness).Assume that C(x1t , x2t) is differentiable and has continuous
partial derivatives. If

(CD)
∂C

∂x1t∂x2t

> 0

then there exists a unique utility allocation x̂ = (x̂1, x̂2) that satisfies conditions (SC−
1 ) and

(SC−
2 ) and the agent receivesR − C(x̂1, x̂2) every period.

Proof. Conditions (M) and (K) imply that there exists a uniquēx1 = C−1
1 (R) that solves

(SC−
1 ) for x2 = 0. Likewise, there exists a uniquex̄2 = C−1

2 (R) that solves (SC−
2 ) for

x1 = 0. Evaluate (SC−
1 ) atx1 = 0 to get that

C2(x2)(1 + θ) = θR.

Sinceθ > 0, the solution to this equatioñx2 = C−1
2 ((θ/(1 + θ))R) satisfies

(I2) x̃2 < x̄2.

Evaluate (SC−
2 ) atx2 = 0 to get that

C1(x1)(1 + η) = ηR.

Sinceη > 0, the solution to this equatioñx1 = C−1
1 ((η/(1 + η))R) satisfies

(I1) x̃1 < x̄1

The conditions of the Implicit Function Theorem are satisfied, so (SC−
1 ) and (SC−

2 ) define
implicit functionsx2 = φ1(x1) andx2 = φ2(x1), respectively, with partial derivatives given
by:

∂φ1

∂x1
= (∂C/∂x1)(x1, 0) − (1 + θ)(∂C/∂x1)(x1, x2)

(1 + θ)(∂C/∂x2)(x1, x2)

∂φ2

∂x1
= (1 + η)(∂C/∂x1)(x1, x2)

(∂C/∂x2)(0, x2) − (1 + η)(∂C/∂x2)(x1, x2)
.

The assumption that∂C/∂x1t∂x2t > 0 implies that∂φ1/∂x1 < 0 and∂φ2/∂x1 < 0. This
and (I1) and (I2) imply that there exist at least onex = (x1, x2) that satisfies conditions
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(SC−
1 ) and (SC−

2 ). A sufficient condition for uniqueness is that∂φ2/∂x1 < ∂φ1/∂x1 for all
(x1, x2)∈ R2+. A simple manipulation yields that∂φ2/∂x1 < ∂φ1/∂x1 if, and only if

∂C

∂x1
(x1, 0)

[
∂C

∂x2
(0, x2) − ∂C

∂x2
(x1, x2)

]

< (1 + θ)
∂C

∂x1
(x1, x2)

∂C

∂x2
(0, x2) + η

∂C

∂x1
(x1, 0)

∂C

∂x2
(x1, x2).

The left-hand side is negative because∂C/∂x1t∂x2t > 0, while condition (M) implies that
the right-hand side is positive. �

The proposition demonstrates that there exists a unique (stationary) utility allocation if
the (super-additive) cost function is differentiable and its cross partial derivative is positive.
Importantly, forp ∈ (0, 1) both principals receives positive utility along the stationary
equilibrium path. The allocation of payoffs between the two principals, and between the
two principals combined and the agent depends on the three parameters of the model:p,
R, andβ.3 The parameterp captures how likely it is that principal 1 is decisive if the
two principals disagree about reappointing the agent. A high value ofp allows principal
1 to extract utility from the agent at the expense of principal 2. The more likely it is that
principal 1 is decisive, the more attractive it is for the agent to join up with him alone. As a
consequence, principal 1 can extract more surplus while principal 2 must lower his standard
to avoid the “partisan” outcome. Although the agentis reappointed for sure every period, it
is interesting to note that his payoff is not, as in the case of sub-additive costs, independent
of governance uncertainty. This is because changes inp affect the allocation of utilities
between the two principals and, consequently, the cost of providing these utilities. Whether
the agent would likep to be high or low depends on how fast the marginal cost of providing
utility to principal 1 increases relative to that of principal 2.

At least one of the principals is better off if the agent becomes more patient (highβ) or if
more resources (highR) are made available to generate utility. However, it is not inevitable
that both gain despite the fact that the agent devotes more resources in total to the task of
generating utilities. For example, ifp is close to one, only principal 1 would gain from an
increase in eitherβ or R; principal 2 would be worse off.

A final point to stress is that governance uncertainty (as defined byAssumption 5) is
necessary for consensus outcomes to arise in equilibrium. This is demonstrated by the next
proposition for the extreme case withp = 1.4

Proposition 4 (No uncertainty).Suppose that p = 1. The agent satisfies every period the
standard xt = x∗∗

1 set by principal 1 where

C1(x
∗∗
1 ) = βR.

Principal 2 receives no utility, and the agent receives (1 − β)R per period.

3 The comparative statics are formally derived in theAppendix A.
4 The case withp = 0 is symmetric.
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Proof. Assume thatp = 1. Suppose that̂x = {x̂1, x̂2} with x̂2 > 0 is a stationary equilib-
rium. We show that this leads to a contradiction. Notice that

C(x̂1, x̂2) > C(x̂1, 0)

by condition (M). Sincep = 1, the agent can reduce the cost of getting reappointed without
scarifying his chance of reappointment by implementing{x̂1, 0} instead of{x̂1, x̂2}. Thus,
along any stationary equilibrium pathx2 = 0. This implies that

V0t(10) = V0t(11)

and that

V0t(01) = V0t(00).

Principal 1 setsx1 such thatV0t(11) = V0t(00) which implies

C(x̂1, 0) = C1(x̂1) = βR

and the agent gets(1 − β)R each period. �

Intuitively, governance uncertainty (p ∈ (0, 1)) limits how much the agent is willing to do to
please one principal alone simply because neither of them can on their own guarantee reap-
pointment. If there is no governance uncertainty,Proposition 4shows that all equilibrium
paths exhibit “partisan” choices and that only the decisive principal (principal 1 ifp = 1)
receives any utility; the other principal gets nothing. This is true even with sub-additive
costs as long as the cost function is increasing in its arguments.5

5. Discussion and applications

Theorem 1has many applications, including some interesting political economy ones.
Suppose the principals are two groups of voters and the agent is a politician that is appointed
to implement policies on behalf of the electorate.6 Governance uncertainty arises in the
context because voters cannot promise to turn out in full force in elections. This makes
the re-election reward uncertain unless the politician meets the demands of all groups of
voters by his policy implementation. Outcomes depend on the properties of the political
cost function. Sub-additive political costs arise from the fundamental role of public goods.
Imagine that the politician wants to provide utility to one group of voters only. He can do this
by making transfers (or equivalently, giving tax-cuts) to this group. If he wants to provide

5 If the cost function is non-decreasing in its arguments, it is possible that the agent will provide some utility to
principal 2 even ifp = 1, but only because doing so enables him to provide utilities to principal 1 at a lower cost.

6 Ferejohn (1986)studies optimal reelection rules in a dynamic political agency with one voter and a series of
politicians. In extensions with more than one group of voters, the incumbent politician only needs a minimum
winning coalition to get reelected, and he can play the different groups off against each other (Persson and Tabellini,
2000, chapter 9;Aidt and Magris, 2003). With additive costs voters are unable to extract any surplus from their
politicians. Turnout uncertainty changes that by making it impossible for politicians to play off groups of voters
in this way without making their reelection prospect uncertain.
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utility to both groups, it may be cheaper to provide universal public goods. The fact that
public goods can be used to provide utility to everybody at the same time allows the cost
function to be sub-additive. A politician with access to (lump sum) taxes and subsidies only
would, in contrast, always face an additive cost function. Super-additive political costs arise
because of externalities. Suppose, for example, that the politician can provide public services
to specific groups of voters but that the production of these services generates pollution that
does harm to everybody. This would make the political cost function super-additive. The
same is true if local amenities provided to one group of voters create envy among other
groups of voters.

Theorem 1characterizes sequences of stationary subgame perfect Nash equilibria. We
conjecture that there exist equilibria supported by non-stationary and history-dependent
strategies but leave this matter to further research. In our model, the principals are infinitely
lived. This, however, is not important for our results. A sequence of short-lived principals
can implement the same utility allocations. What is important is that the agent cares about
the future.
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Appendix A. Comparative statics

Use condition (SC−
1 ) and (SC−

2 ) to derive

[
(1 + θ)

∂C

∂x1
(x1, x2) − ∂C

∂x1
(x1, 0)

]
dx1 + (1 + θ)

∂C

∂x2
(x1, x2)dx2

= [R − C(x1, x2)]

[
(1 − p)

(1 − β)2
dβ − β

1 − β
dp

]
+ θdR

and

(1 + η)
∂C

∂x1
(x1, x2)dx1 +

[
(1 + η)

∂C

∂x2
(x1, x2) − ∂C

∂x2
(0, x2)dx1

]
dx2

= [R − C(x1, x2)]

[
p

(1 − β)2
dβ + β

1 − β
dp

]
+ ηdR
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Define

D = ∂C

∂x1
(x1, 0)

[
∂C

∂x2
(0, x2) − ∂C

∂x2
(x1, x2)

]
− (1 + θ)

∂C

∂x1
(x1, x2)

∂C

∂x2
(0, x2)

− η
∂C

∂x1
(x1, 0)

∂C

∂x2
(x1, x2) < 0.

Use Cramer’s rule to calculate:

∂x1

∂β
= [R − C(.)]

(1 − β)2

[
υ(∂C/∂x2)(x1, x2) − (1 − p)(∂C/∂x2)(0, x2)

]
D

∂x2

∂β
= [R − C(.)]

(1 − β)2

[−υ(∂C/∂x1)(x1, x2) − p(∂C/∂x1)(x1, 0)
]

D

whereυ = (1− 2p)−β(1−p)/(1−β). Clearly, if∂x1/∂β < 0, then∂x2/∂β > 0 and vice
versa. Forp = (1− β)/(2 − β), both derivatives are positive. Forp → 1, ∂x1/∂β > 0 and
∂x2/∂β < 0 becausep(1 − β) < 1 and assumption (CD) implies that∂C/∂x1(x1, x2) >

∂C/∂x1(x1, 0). Finally,

∂C

∂β
= − [R − C(.)]

(1− β)2D

[
p

∂C

∂x1
(x1, 0)

∂C

∂x2
(x1, x2) + (1−p)

∂C

∂x2
(0, x2)

∂C

∂x1
(x1, x2)

]
> 0.

Using Cramer’s rule again, we get

∂x1

∂R
= [((1 − 2p)β/(1 − β))∂C/∂x2(x1, x2) − θ(1 + η)∂C/∂x2(0, x2)]

D

∂x2

∂R
= [−(1 − 2p)β/(1 − β)∂C/∂x1(x1, x2) − η(1 + θ)∂C/∂x1(x1, 0)]

D
.

Clearly, if ∂x1/∂R < 0, then∂x2/∂R > 0 and vice versa. Forp = 1/2, both derivatives are
positive. Forp → 1,∂x1/∂R > 0 and∂x2/∂R < 0 becauseη(1+θ) = −(1−2p)β/1−β =
β/1 − β and assumption (CD) implies that∂C/∂x1(x1, x2) > ∂C/∂x1(x1, 0). Finally,

∂C

∂R
= − 1

D
[θ(1 + η)

∂C

∂x1
(x1, 0)

∂C

∂x2
(x1, x2) + η(1 + θ)

∂C

∂x2
(0, x2)

∂C

∂x1
(x1, x2)] > 0.

A final application of Cramer’s rule yields

∂x1

∂p
= −β[R − C(.)]

1 − β

[(2 − β)/(1 − β)(∂C/∂x2)(x1, x2) − (∂C/∂x2)(0, x2)]

D
> 0

∂x2

∂p
= β[R − C(.)]

1 − β

[(2 − β)/(1 − β)(∂C/∂x1)(x1, x2) − (∂C/∂x1)(x1, 0)]

D
< 0.

Moreover,

∂C

∂p
= −β[R − C(.)]

1 − β

[
∂C

∂x1
(x1, 0)

∂C

∂x2
(x1, x2) − ∂C

∂x2
(0, x2)

∂C

∂x1
(x1, x2)

]
.

The sign of∂C/∂p depends on the curvature of the marginal cost functions.



T.S. Aidt, J. Dutta / Journal of Mathematical Economics 40 (2004) 227–245 245

References

Aidt, T.S., Magris, F., 2003. Capital Taxation and Electoral Accountability. Cambridge Working Papers in
Economics 0318, University of Cambridge, U.K.

Banks, J., Sundaram, R.K., 1993. Adverse selection and moral hazard in a repeated election model. In: Barnett
W., et al. (Eds.), Political Economy, Institutions, Information, Competition and Representation. Cambridge
University Press, Cambridge, UK.

Banks, J.S., Sundaram, R.K., 1998. Optimal Retention in Agency Problems. Journal of Economic Theory 82 (2),
293–323.

Bergemann, D., Välimäki, J., 2003. Dynamic common agency. Journal of Economic Theory 111 (1), 23–48.
Bernheim, B.D., Whinston, M., 1986. Menu Auctions, Resource Allocation and Economic Influence. Quarterly

Journal of Economics 101, 1–31.
Dixit, A., Grossman, G., Helpman, E.H., 1997. Common agency and coordination: general theory and application

to government policy making. Journal of Political Economy 105, 752–769.
Ferejohn, J., 1986. Incumbent performance and electoral control. Public Choice 50 (1-3), 5–25.
Persson, T., Tabellini, G., 2000. Political Economics: Explaining Economic Policy. The MIT Press, Cambridge,

MA.


	Strategic consensus
	Introduction
	The model
	Strategic consensus
	Interpretation and implications
	Discussion and applications
	Acknowledgements
	Comparative statics
	References


