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ON PREDICTIVE EVALUATION OF ECONOMETRIC MODELS*

By Jayvasrl DuTTA

|. INTRODUCTION

The analysis of the predictive power of an econometric model as a guide to
model evaluation and selection has become fairly routine in applied econometric
research. The popularity of predictive evaluation is due not merely to com-
putational simplicity but also to the belief that extrapolation is a good guide to a
model’s explanatory ability. Thus, a ‘‘good” model should be able to generate
“‘good” or accurate forecasts.!

The first problem is to measure the accuracy of a set of forecasts. Several
techniques are available, which include overall scalar measures as well as
parametric tests (cf. Granger and Newbold [1977], Dhrymes et al. [1972]).
In this paper, I consider only some scalar measures, further restricting the class
to those which are generated by a quadratic loss function. Thus, if e is the N x 1
prediction error vector, then we can define

(1.1) m = m(e) = e'Qe

as a measure of forecast accuracy, Q being an N x N matrix of weights. Clearly,
m is zero only for perfect forecasts, and a higher value of m corresponds to a lower
accuracy of forecasts; m is symmetric and monotonic.

The choice of weights (i.e., the matrix Q) may not be very important in the
comparison of two forecast series. In fact, a multiple of the identity matrix
would serve quite well. However, if m is to be used as a guide to model eval-
uation, it is being forced to yield additional information on the model’s spec-
ification. In that case, one can expect the statistic to satisfy some requirements
other than simple monotonicity. I examine the performance of four such
measures against one requirement that can reasonably be set on an evaluation
procedure.

I start from the premise that any evaluation procedure should enable the re-
searcher to choose the “‘true” model out of any set of competing specifications.
A model may be specified (and correspondingly, misspecified), in several respects.
I deal with only one aspect of the specification problem — the selection of
regressors in the linear regression model. The question is framed as follows:
can a particular measure of forecast accuracy enable a researcher to choose the
correct set of regressors over competing sets, at least on the average? If it can,

* Manuscript received February 2, 1978; revised December 27, 1978.

1 What else a “good” model is supposed to do is not clear. The answer depends at least
partly on the final use of the model. It seems generally agreed that the “true” model is the
“best.”
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it is said to satisfy the regressor selection criterion.

It should be noted that this requirement is far from demanding. In the first
place, the ability to discriminate between “‘true” and incorrect specifications is
only one among several requirements that can be asked of an evaluative technique.
Further, regressor selection is a very small part of the specification problem.
The fulfillment of this criterion can be viewed as a necessary, (though by no
means sufficient) condition for a good evaluative technique.

2. SOME MEASURES OF PREDICTIVE ABILITY

Four statistics for measuring the accuracy of forecasts are discussed below.
Each of them was suggested with a different end in view.

Let Py, P,,..., Py, be a set of predictions on some variable of interest. After
the actual values A;, 4,,..., Ay, become available, we have the series of prediction
errors as ¢,=P;—A;, i=1,2,..., N. If e be the N x 1 vector with e; in the i-th
place, then we write
2.1) m; = e'Q’e,
i=1,2, 3, 4, as the statistic, where Q¢ is the corresponding weights matrix.

a. MSE of forecasts. Writing

22) Q' = 1,

with I as the N x N identity matrix, we have
1 &,
(2.3) m= e 2ed

as the mean squared error of forecasts, which is the most widely used variant of
the quadratic loss function.

b. Theil’s forecast accuracy statistic.

2.4) my =55,

where A is the N x 1 vector with 4; in the i-th place (cf. Theil [1966]). Thus,
(2.5) 0% =571,

(2.6) S =44

For forecasts on the same series, m, and m, can be used interchangeably. The
advantage of m, is that it is scale free, so that comparisons of forecast procedures
are possible.

¢. The “Janus” coefficient. This statistic was suggested by Gadd and Wold
[1964] with the idea of forecasting from an estimated model. Let us define
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2.7 es = Ps — As,
as the T'x 1 vector of forecast errors for the sample, or “‘fitted” period. Then
L,
~7e'e
(2.8) my = N o m
A mys
T €5€s
Hence
(2.9) Q3= (my5)'Q"

This coefficient is supposed to “‘look both ways,” measuring deviations from
perfect forecasting (m3=0), as well as from structural stability (my~1).

d. The variance ratio. This statistic was suggested by Granger and Newbold
[1977] as follows

(2.10) my =

Q>
n b

I
x

b

(=)
0

where 62 is the variance of the series e;, o2 the variance of the series A4;, and the
numerator and denominator of m, are their estimates. This can be written as

Loz, - 22
(2.11) my=—
P — A2
-2(4,— )

where & and A are the respective arithmetic means. Thus

(2.12) Q4 =(A'UA) U,
with

IS S
(2.13) U=1 N i

i being the N x 1 sum vector. U is symmetric and idempotent, with rank N—1.

3. A COMPARISON OF ALTERNATIVE STATISTICS

Let us write a linear regression model as

(3.1) y=xB+u,
with a competing specification
(3.2) y =20+ u.

x is the T'x K matrix of T observations on a set of K exogenous variables; z is a
T'x P matrix of observations on a set of P exogenous variables. The disturbance
vector u is distributed by a T dimensional normal law with zero mean and scalar
dispersion matrix ¢2I. Further,
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3.3) xf # z0

so that only one of the models is “‘true.” Let (3.1) be H,, and (3.2), H,. Consider
the usual sort of expost predictions from the model estimated by OLS. To
check whether the measure m; chooses the correct set of regressors on the average,
I calculate Em;, Emy,, i.e., the expectations of m; calculated from the estimated
models under Hy, H, respectively. Now, since either H, is true, or H 1 s, we can
calculate E(m;;|H)), i, j=0, 1, as four different expectations. This gives rise to
two interpretations of the regressor selection criterion.
Let us write the first interpretation as

3.4) E(my|Hy) < E(m;;|H,).

This condition follows naturally from the argument. Two competing models are
set up, and the model with lower m; (i.e., higher accuracy of forecasts) is chosen.
One expects the “‘true” model to yield the more accurate forecasts, at least on
average.

A second interpretation is

3.5) E(m;|Ho) > E(my;|Hy).

This condition is not self-evident, and needs justification. Here, one is comparing
an actual situation (H, ‘“‘true”) with a hypothetical one (H, “true”). In any
given empirical situation, one can not compare m;;|H, with my|H;. However,
intuitively, one can speak of models H, and H, as having the same predictive power
when “‘true” (thus, E(m;;|H;) is the same for all j). In that case, the two con-
ditions are the same. (In fact, if the two conditions are not equivalent, so that
(say) E(my|Ho)<E(m;|H,), then the measure m; has the undesirable charac-
teristics of being biased against models of type H,). It is sometimes easier to geta
definitive answer to the second condition, since one deals with the same estimators,

Let us write the matrices of values of the x and z variables in the forecast
period as x,, z, which are N x K, N x P, respectively. The predictions from the
two models are, respectively

(3.6) Po = Pxo = x4(x'x)"'x"y

3.7 Py =941 = z4(2'2)" 12y,

If Hy is true, the actual values are generated from the model
(3.8) Vi = Xuff + uy,

where u, has the same properties as u. One can similarly define the forecast
period model if H, is “‘true”. The properties of the prediction error vectors,
€y, €1, will depend on which hypothesis is true. Let us write ey (j, k=0, 1), as
the prediction error vector from model H ; when H, is true.  Thus,

3.9 €go = X4(X'x) " Ix'u — uy

(3.10) ero = [24(2'2)712'x — x, 1B + z4(2'2) " x'u — u
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(3.11) ey = zx(2'2) 1 2'u — uy.

The two conditions (3.4), (3.5) can be rewritten as

(3.12) E(ehoQieno) < E(e10Q'ey0)
and
(3.13) E(ejoQes0) > E(e11Q%€11)s

for each i=1, 2, 3, 4.

a. M.S.E. of forecast (m,=¢e'e[N). We can write

(3.14) E(myo|Hy) = ’}V‘E(ef)oeoo)

= 0%+ 71v.~02r1,

where

ry o= Tr[(x'x) " 1xyxs] .
Further,
(3.15) E(my11Hy) = —E(€10€10)

= LpD'Dp+ 5 + 02,

where

D = z,(z'2)712'x — Xy

ry = Tr(z'z) 'z4zy;
and
(3.16) E(my|Hy) = - E(eiser)

r

— a2 272

=06“+0 .
N

383

Thus, m, satisfies the second condition (3.13) straightaway, as 'D'Df is positive

semi-definite. We can write

(317 Elmyy — myolHo) = %2-(rs = ry) + B/ D' Dp.

The second term of the r.h.s. is clearly non-negative; the first term is of uncertain
sign. If r,>r;, then the first condition is fulfilled straightaway. Otherwise,
one can not say anything about the sign. As N grows indefinitely large r, and r;
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tend to finite numbers?; so that the first term in the r.h.s. tends to become positive.
Thus, m; satisfies one part of the regressor selection criterion straightaway;
it may not satisfy the other part, but this is likely to correct itself as N grows larger.

b.  Theil’s forecast accuracy statistic (my=e'efA’A). We can write

PiP, 2PiA
A4~ A4

(3.18) my; =1+ j=0, 1.

We have
(3.19) E(my; — myo | Ho)
=S (DD + D'xy + x,D)f + a(r — r,) = 2'D's,,
where
S1 = E(yyys)?
2 = E[ys(yiye)™'1.

sy 1s positive. The difference in (3.19) may be negative even if (r,—r,) is non-
negative. Thus, the condition that r;—r; >0, which is sufficient to ensure that
m, satisfies the condition (3.4), does not ensure that m, satisfies it.

The exact moments s, and s, have been worked out in Appendix. A large-
concentration parameter expansion of these moments shows that the first term
in the expansion of the difference in (3.19) is positive if r,—r, is positive.

In carrying over the analysis of m, with respect to condition (3.5), comparisons
become difficult because the concentration parameters in the distribution of
Vxyx depend on H, and H,, i.e., the terms in Q2 are stochastic and vary according
to which hypothesis is true. One can get an idea of the problem from asymptotic
analysis for ‘‘approximate specification.”

““Approximate specification” is used to characterise a situation where the
specified hypothesis is incorrect however, the difference between the “‘true” and
“specified” model is very small. This is illustrated as follows. Let H, be
specified as before. 1In considering the situation where H, is “‘true”, we assume
the following:

(3.20) xf =20 + ¢q;
(3.21) Xefl = 240 + £q,;
where ¢ is a small scalar in the neighborhood of zero; q, 44 are non-stochastic
vectors with finite elements. Clearly,
* If we make the assumption that
lim rx _ lim *#X% P
Do T Noreo xrr

and similarly for the z, z* matrices, then lim vrt1=K;limy ,ry=P.
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(3.22) lim Hy = H,.

e~0

For ¢ small enough, H, is an approximate specification for true H, (for both
sample forecast periods). Let us write

Vi = 250 + Uy}
when H, is true, y,=yy,. When H; is not true, but H, is, then
(3.23) Ve = Xuff + Uy

= 240 + &G4 + Ux

= Yx1 T &qx-
Similarly,
(3.24) €50 = €11 + [24(2'2)7'2'q — gx].
Thus,
629 ot = ey G )
(3.26) my|Hy = 'i“ﬁ‘l‘—

Vi1Ver
where b is appropriately defined. It follows that

eub o g bb

3.27 o, |H, =(m H, + 26— ,
( ) 21lHo 21l Ay Y1)V %1 Y1)V %1

(1 + g2 f]:&q* + 2 q,:ky*l >—1'
V1Y% V1Y x1

Applying the geometric expansion, we can write

' b qu e e
3.28 m, | Hy = m H+23< €1 * ) x1€11 ”>+082
( ) ulfo ulHy Yx1)*1 (J’*lJ’*l)z @

where 0(g2) refers to terms of order &2 and lower. To have
E(m,; |Hy) > E(myy | Hy)

to order 2, we have to impose some conditions on b and g4, and hence on g and
qx-

Thus, m, does not fulfill the regressor selection criterion straightaway, unless
some further conditions are met. It will, of course, give the same ranking as
m, for modeling the same series, and hence may be used interchangably.

Since much of the claimed superiority of a criterion such as m, over the simple
M.S.E. lies in its ability to compare predictions on non-corresponding series, it
should ideally fulfill a more demanding test of its ability than simple regressor
selection (for example, regressand selection). The analysis for approximate
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specification will still be valid if two models with different regressands (and
the same regressor set) are written as differing by a term of order .

¢. The “Janus™ coefficient (my=(e'e/N)/(eses/T)). For the regression model,
we can write

(329) M3 = Mo
T V' M,y
(3.30) my, = ,T,_J,L,l_ —,
T .V’Mz ¥
where

M, =1- x(x'x)y"1x’

M,=1-zz'z)"1z.

Thus,

(3.3D E(mso| Ho) = E(myo | Ho)TE((Y' M, y)™! | Hy)
(3.32) E(ms, 1 Ho) = E(my; |Ho)TE((y'M,y)™! | Hy)
(3.33) E(ms, |Hy) = E(m, |[H)TE(y’ )7 H).

Recalling the normality assumption about u and hence ¥, it can be seen that
Y'M.y/2 is distributed as a central chi-square with T7— K degrees of freedom, and
¥'M.y/2 is a non-central chi-square with T— P degrees of freedom, and non-
centrality parameter

- B'x'M,xp
V=i

under Ho.  Under Hy, y'M,y/2is a chi-square variate with 7— P degrees of free-
dom. Thus,

(3.39) By M) | Hy) = Ly ek =

, - 1 1 op(T—P T—p
(3.35)  E((y'M,y) ' |Hp) = o, T—P=72 €y F1(*“—2~‘ L; B V)
(3.36) B M) MHY) = 5y b s

where F(; ;) is the confluent hypergeometric function. Once again, we run
into the problem of noncomparability involving r, and r,. Even if we take the
asymptotic (large-v) expansion of the confluent hypergeometric function to write

(3.37)  E(my,|Hy) — E(mso|Hy) = L. <_ﬁ'£'.12,ﬁ,, + 2y ,)

v
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(e T CL)
(N'+QT—K—2+OUZ’
where 0(1/v?) refers to terms of order v=2 and lower; this does not yield any

information as to the sign. This problem disappears when the second condition
is examined.

_(r T
338 Bl = (5 Dp=p oy
and hence
T _
(3.39) E(my|Hy) — E(my;|Ho) = (%2[ + 1>*T-:—P':72~[1 — e F,
T—-P T-—P 1'D'DB  _ T— P T—P
</ "424"' — 1 5 - ’2' ) U) - / —‘2'—“[3‘611)171 (*“’2“—‘/ - 1, —— U>]’
we can write
T-—-P T—P
(3.40) J( 2——u#7#w)
T—-P _ 1 T—P
= 2 2 o
=l+t—7—p U+T—P+12/+
2 2

v2
=1+elv+627+"'

where the successive coefficients e; are all less than 1. Thus, the first term on the
right hand side of (3.39) is positive, whereas the second one is negative. However,
for large T, the second term will dominate; as long as v/(T— P) is assumed to have
a finite limiting value, we can write

ﬁq(?ﬁR_rT—P, _ T-P

(3.41) . + O(T—Z)

2 Py YT TP =20
(cf. Slater [1960]), and the first term will be negative. Thus, m; satisfies the
second regressor selection criterion at Jeast in the asymptote. (It will probably
also do so for finite T).

d. The variance ratio (my=e'ue/A'uA). The analysis for my is very similar
to that for m,. LetJ bean Nx(N— 1) matrix which satisfies

(3.42) JJ=1
(3.43) JJ =U.
Defining

(3.44) P* =J'P,
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(3.45) A* =J'A,

the analysis of m, in this section goes through, reading P* for P, 4* for A, etc.
The only major change is in degrees of freedom (N —1 rather than N) and the
concentration parameter. As far as the fulfillment of the regressor selection
criteria is concerned, the analysis is unchanged. However, one must remember
that this requirement is by no means the only possible one that a good evaluative
measure should satisfy.

One may get a radically different ranking if some other condition is set up.
In any case, a more interesting variation of this problem would be the ranking
these statistics give to a series of “‘untrue” models. It is rather optimistic to
assume that in any situation, one of the small number of models estimated by the
researcher is necessarily the ““true” one.

University of Delhi, India

APPENDIX

EXACT MOMENTS AND APPROXIMATIONS

To derive the exact moments of m,, etc., 1 use some results on moments of
functions of noncentral chi-square variables. These are stated without proof
(for proof, see e.g., Nagar and Amanullah [1973]).

Let Z be distributed by an N dimensional normal law, with mean Z and I
(the identity matrix) as its dispersion matrix. Then the ro. w=z'z is dis-
tributed as a noncentral chi-square variate with N degrees of freedom and
noncentrality parameter v*=Z2'z[2. We can write the Jollowing expectations

(A.1) B =ders

(A.2) E@w™) =Ltzevy,

(A.3) E@w™) = 22,0+ fo);
(A-4) Ezw™) = 4e52,f_,, for i#j;

where N>2; and

N
F(— +a)
fa,c= _”“ﬁ—}%r 1F1(£v—+a;£+c;v*).
F<T2— +c>

2 2
To derive the expectation of m,, we have to find s 1» 82, defined in (3.19) above.
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Let us write z=y4/o, and v*=(B'x4xsP)20%. The results of (A.1)(A.4) are
applicable. In particular,

(A.5) 5y = E(yiy®)™ = S Ew™)
— _l_ —p¥
= 5452¢ -1,0

Further,

s2 = E[yx(yays) "1

= %:E(zw")

1 gt
= ’zgz‘x*ﬁe v fo,r

If we employ a large v* expansion, with N bounded, we can write

(-50,0429, )

(A7) e ¥y~ v=o=(lc—a)lL1 + " v

for N bounded and v¥*—o0. Thus
(A.8) efoy o e +0(zks
. -1,0 — U* U*Z

(A.9) eV fo g 0¥+ 0(51;7)

Substituting for D in expression (3.19), we get
(A.10) E(my; — myo) | Hp = 0%(r; — 1y) — v¥e " f_ 10
+ 20%e " fo 1 + K€ " f_ 10 + Kz fo,15
where K,, K,, do not contain v*. Combining with (A.8), (A.9), this yields

(A1D) E(m, = mao) [Ho = 0%z = ) + 1+ 0(55).

Thus, r,—r, >0 is sufficient to make this difference positive to order v*~1.
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